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After reviewing the meaning of various equivalence principles and the structure of electrodynamics, 
we give a fairly detailed account of the construction of the light cone and a core metric from the 
equivalence principle for the photon (no birefringence, no polarization rotation and no 
amplification/attenuation in propagation) in the framework of linear electrodynamics using cosmic 
connections/observations as empirical support. The cosmic nonbirefringent propagation of photons 
independent of energy and polarization verifies the Galileo Equivalence Principle [Universality of 
Propagation] for photons/electromagnetic wave packets in spacetime. This nonbirefringence 
constrains the spacetime constitutive tensor to high precision to a core metric form with an axion 
degree and a dilaton degree of freedom. Thus comes the metric with axion and dilation. Constraints 
on axion and dilaton from astrophysical/cosmic propagation are reviewed. Eötvös-type experiments, 
Hughes-Drever-type experiments, redshift experiments then constrain and tie this core metric to agree 
with the matter metric, and hence a unique physical metric and universality of metrology. We 
summarize these experiments and review how the Galileo equivalence principle constrains the 
Einstein Equivalence Principle (EEP) theoretically. In local physics this physcical metric gives the 
Lorentz/Poincaré covariance. Understanding that the metric and EEP come from the vacuum as a 
medium of electrodynamics in the linear regime, efforts to actively look for potential effects beyond 
this linear scheme are warranted. We emphasize the importance of doing Eötvös-type experiments or 
other type experiments using polarized bodies/polarized particles. We review the theoretical progress 
on the issue of gyrogravitational ratio for fundamental particles and update the experimental progress 
on the measurements of possible long range/intermediate range spin-spin, spin-monopole and spin-
cosmos interactions.  
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1.  Introduction  
In the genesis of general relativity, there are two important cornerstones: the Einstein 
Equivalence Principle (EEP) and the metric as the dynamic quantity of gravitation (See, 
e.g., Ref. [1]). With research activities on cosmology thriving, people have been looking 
actively for alternative theories of gravity again for more than thirty years. Recent 
theoretical studies include scalars, pseudoscalars, vectors, metrics, bimetrics, strings, 
loops, etc. as dynamic quantities of gravity. It is the aim of this review to look for the 
foundations of gravity and general relativity, especially from an empirical point of view.  
Relativity sprang out from Maxwell-Lorentz theory of electromagnetism. Maxwell 
equations in Gaussian units are 
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  D = 4π ρ,                                                            (1a) 
 × H  D/t = 4π J,                                             (1b) 
  B = 0,                                                                 (1c) 
 × E + B/t = 0,                                                   (1d) 
 
where D is the displacement, H the magnetic field, B the magnetic induction, E the 
electric field, ρ the electric charge density, and J the electric current density. We use 
units with the nominal light velocity c equal to 1 (See, e.g., Jackson [2], p. 218 (6.28)). 
With the sources known, from these equations with 8 components we are supposed to be 
able to solve for the unknown fields D, H, B and E with 12 degrees of freedom. These 
equations form an under determined system unless we supplement them with relations. 
These relations are the constitutive relation between (D, H) and (E, B) [or (D, B) and (E, 
H)]:  
 
(D, H) = χ(E, B),                                                     (2) 
 
where χ(E, B) is a 6-component functional of E and B. With the constitutive relation, the 
unknown degrees of freedom become 6, the Maxwell equations seem to be over 
determined. Note that if we take the divergence of (1d), by (1c) it is automatically 
satisfied. Hence (1c) and (1d) (the Faraday tetrad) have only 3 independent equations. If 
we take the divergence of (1b), by (1a) it becomes the continuity equation 
 
  J + ρ/t = 0,                                                      (3) 
 
a constraint equation on sources. Hence, (1a) and (1b) (the Ampère-Maxwell tetrad) have 
only 3 independent equations also. To form a complete system of equations, we need 
equations governing the action of the electric field and magnetic induction on the charge 
and current. Lorentz force law provides this link and completes the system: 
 
F = m dv/dt = q (E + v × B),                                         (4) 
 
where v is the velocity of the charge and F is the force on it due to electric field and 
magnetic induction. 
In 1908, Minkowski [3,4] put the Maxwell equations into geometric form in four-
dimensional spacetime with Lorentz covariance using Cartesian coordinates x, y, z and 
imaginary time it and numbering them as x1  x, x2  y, x3  z and x4  it. Minkowski 
defined the 4-dim excitation (Mink)f  and the 4-dim field strength (Mink)F as  
 
                                       0     Hz   Hy   iDx  
(Mink)f   ((Mink)fhk)      Hz     0     Hx    iDy    ,                           (5a) 
                                      Hy   Hx    0      iDz 
                                     iDy    iDy     iDz      0 
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                                       0      Bz   By    iEx  
(Mink)F   ((Mink)Fhk)      Bz     0     Bx     iEy   .                           (5b) 
                                      By    Bx     0      iEz 
                                      iEy     iEy     iEz       0 
 
In terms of these quantities, Minkowski put the Maxwell equation into the 4-dim 
covariant form: 
 
                                                               (Mink)fhk,h = sk,                                                  (6a) 
                                                               (Mink)F*hk,h = 0,                                                 (6b) 
 
with  
                                                          
      F*hk  (1/2) ehklm Flm, and sk the 4-current.            (6c) 
 
Here ehklm = ±1, 0 is the totally antisymmetric Levi-Civita symbol with e1234 = +1. The 
equations (6a,b) are covariant in the sense that for the linear transformations with 
constant coefficients that leave the form  
 
                  xh xh  (x1)2 + (x2)2 + (x3)2 + (x4)2                                   (7) 
 
invariant, the Maxwell equations in the form (6a,b) are covariant with the 4-dim 
excitation fMinkowski and the 4-dim field strength FMinkowski transforming as 4-dim covariant 
tensors (covariant V-six-vectors).  
Bateman [5] used time coordinate t instead of x4, and considered transformations 
that leave the invariance of the differential (form) equation: 
 
     (dx)2 + (dy)2 + (dz)2  (dt)2 = 0.                                             (8) 
 
Hence, he also included conformal transformations in addition to Lorentz 
transformations and made one step toward general coordinate invariance. With indefinite 
metric, one has to distinguish covariant and contravariant tensors and indices. Aware of 
this, one can readily put Maxwell equations into covariant form without using imaginary 
time. 
In terms of field strength Fkl (E, B) and excitation (density) Hij (D, H):  
                  0       E1       E2       E3 
    Fkl =    E1      0       B3      B2   ,                                    (9a)  
                E2     B3       0      B1 
                E3    B2       B1       0 
 
                  0   D1   D2    D3 
Hij  =        D1     0      H3     H2      ,                                   (9b)  
                 D2    H3      0      H1 
                 D3    H2      H1      0 
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Maxwell equations can be expressed as 
 
                Hij,j = − 4π Ji,                                               (10a) 
                eijklFjk,l = 0,                                                  (10b)                  
 
with the constitutive relation (2) between the excitation and the field in the form:  
 
                                                         Hij = χij(Fkl),                                                  (11) 
 
where Jk is the charge 4-current density (ρ, J) and eijkl the completely anti-symmetric 
tensor density (Levi-Civita symbol) with e0123 = 1 (See, e. g., Hehl and Obukhov [6]). 
Here is χij(Fkl) is a functional with 6 independent degrees of freedom. For medium with a 
local linear response or in the linear local approximation, (11) reduced to  
 
 Hij = χijkl Fkl,                                                  (12) 
 
with χijkl the (linear) constitutive tensor density [6-10]. For isotropic dielectric and 
isotropic permeable medium, the constitutive tensor density has 2 degrees of freedom; 
for anisotropic dielectric and anisotropic permeable medium, the constitutive tensor 
density has 12 degrees of freedom; for general linear local medium (with magnetoelectric 
response), the constitutive tensor has 21 degrees of freedom. 
Introducing the metric gij as gravitational potential in 1913 [11] and versed in 
general (coordinate-)covariant formalism in 1914 [12], Einstein put the Maxwell 
equations in general covariant form (Fij = Hij in our notation) [12]:  
 
Fij,j = − 4π Ji,                                                  (13a) 
Fij,k + Fjk,i + Fki,j = 0.                                      (13b) 
 
Shortly after Einstein constructed general relativity, Einstein noticed that the Maxwell 
equations can be formulated in a form independent of the metric gravitational potential in 
1916 [13]. Einstein introduced the covariant V-six-vector Equations (13a) and (13b) 
which are independent of metric gravitational potential. Only the constitutive tensor 
density χijkl is dependent on the metric gravitational potential: 
 
Fij = (−g)1/2gik g jl Fkl.                                        (14) 
 
Noticing Einstein’s Fij is our Hij and putting (14) in the form of (12), we have 
 
χijkl = (−g)1/2[(1/2)gik gjl − (1/2)gil gkj].                            (15) 
 
In local inertial frame the metric-induced constitutive tensor (15) is reduced to 
special-relativitivistic Minkowski form: 
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χijkl = (−g)1/2[(1/2)ηik ηjl − (1/2)ηil ηkj] + O(xixj),                      (16) 
 
which is dictated by the Einstein equivalence principle. 
In macroscopic medium, the constitutive tensor gives the medium-coupling to 
electromagnetism; it depends on the (thermodynamic) state of the medium and in turn 
depends on temperature, pressure etc. In gravity, the constitutive tensor gives the gravity-
coupling to electromagnetism; it depends on the gravitational field(s) and in turn depends 
on the matter distribution and its state.  
In gravity, a fundamental issue is how to arrive at the metric from the constitutive 
tensor through experiments and observations. That is, how to build the metric empirically 
and test the EEP thoroughly. Are there other degrees of freedom to be explored? 
Since ordinary energy compared to Planck energy is very small, in this situation we 
can assume that the gravitational (or spacetime) constitutive tensor is a linear and local 
function of gravitational field(s), i.e. (12) holds. Since the second half of 1970’s, we have 
started to use the following the Lagrangian density L (= LI(EM) + LI(EM-P)) with the 
electromagnetic field Lagrangian LI(EM) and the field-current interaction Lagrangian 
LI(EM-P) given by 
 
LI(EM) = − (1/(16π))Hij Fij = − (1/(16π))χijkl Fij Fkl,                    (17a) 
LI(EM-P) = − Ak Jk,                                                                                                (17b) 
 
for studying this issue [14-16]. Here χijkl = −χjikl = χklij is a tensor density of the 
gravitational fields or matter fields to be investigated, Fij ≡ Aj,i − Ai,j the electromagnetic 
field strength tensor with Ai the electromagnetic 4-potential and comma denoting partial 
derivation, and Jk the charge 4-current density. The Maxwell equations (10a,b) or (1a-d) 
can be derived from this Lagrangian with the relation (12) and (9a,b). Using this χ-
framework, we have demonstrated the construction of the light cone core metric from the 
experiments and observations as in Table 1 [17]. After presenting the meaning of various 
equivalence principles in section 2 and the structure of premetric electrodynamics in 
section 3.1, we give a fairly detailed account of the construction of the metric together 
with constraints on axions, dilatons and skewons from the equivalence principle for 
photon in the framework of premetric electrodynamics using cosmic observations as 
empirical support in section 3.2 to section 3.6.  Section 3.7 discusses the special case of 
spacetime/medium with constitutive tensor induced by asymmetric metric and its special 
role. Section 3.8 addresses the issue of empirical foundation of the closure relation. 
In section 4, we review theorems and relations among various equivalence 
principles using the χ-framework including particles and the corresponding χ-framework 
for the nonabelian field. In section 5, we discuss the relation of universal metrology and 
equivalence principles. In section 6, we review theoretical works on the gyrogravitational 
effects. In section 7, experimental progress on the measurement of long 
range/intermediate range spin-spin, spin-monopole and spin-cosmos interactions is 
updated. In section 8, prospects are discussed. 
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Table 1. Constraints on the spacetime constitutive tensor χijkl and construction of the spacetime structure (metric 
+ axion field φ + dilaton field ψ) from experiments/observations in skewonless case (U: Newtonian 
gravitational potential). gij is the particle metric. [17] 
Experiment Constraints Accuracy 
Pulsar Signal Propagation 
Radio Galaxy Observation 
Gamma Ray Burst (GRB) 
χijkl  ½ (−h)1/2[hik hjl − hil hkj]ψ + φeijkl 
10−16  
10−32  
10−38  
CMB Spectrum Measurement ψ  1 8 × 10−4  
Cosmic Polarization Rotation 
Experiment 
φ − φ0 ( α)  0 
|<α>| < 0.02,  
<(α−<α>)2>1/2 < 0.03 
Eötvös-Dicke-Braginsky 
Experiments 
ψ  1 
h00  g00 
1010 U 
106 U 
Vessot-Levine Redshift 
Experiment 
h00  g00 1.4 × 10
4 U 
Hughes-Drever-type Experiments 
hμν  gμν 
h0μ  g0ν 
h00  g00 
1024 
1019 -1020  
1016 
 
2. Meaning of Various Equivalence Principles 
Our common understanding and formulation of gravity can be simply described in the 
following picture: Matter produces gravitational field and gravitational field influences 
matter. In Newtonian theory of gravity [18], the Galileo Weak Equivalence Principle 
(WEP I) [19] determines how matter behaves in a gravitational field, and Newton's 
inverse square law determines how matter produces gravitational field. In a relativistic 
theory of gravity such as a metric theory, the EEP determines how matter behaves in a 
gravitational field, and the field equations determine how matter produces gravitational 
field(s). In Einstein's general relativity, with a suitable choice of the stress-energy tensor, 
the Einstein equation can imply the Einstein equivalence principle. In non-metric 
theories of gravity, other versions of equivalence principles may be used. The above 
situations can be summarized in the following table together with those for 
electromagnetism.  
 
Table 2. Gravity and Electromagnetism 
 
Matter                                         Gravitational                                  Matter 
Field(s) 
Newtonian Gravity Inverse Square Law                            WEP[I] 
Relativistic Gravity Field Equation(s)                                EEP or substitute 
e.g., Einstein equation 
 
Charges                                    Electromagnetic                             Charges 
Field 
Electromagnetism Maxwell Equations                            Lorentz Force Law 
  
produces influence(s) 
produce influences 
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From Table 2, we see the crucial role played by equivalence principles in the formulation 
of gravity. In the following, we start with the ancient concepts of inequivalence and 
discuss meaning of various equivalence principles. This section is an update of Sec. II of 
Ref. [16]. 
 
2.1. Ancient concepts of inequivalence  
 
From the observations that heavy bodies fall faster than light ones in the air, ancient 
people, both in the orient and in the west, believe that objects with different constituents 
behave differently in a gravitational field. We now know that this is due to the 
inequivalent responses to different buoyancy forces and air resistances.  
 
2.2. Macroscopic equivalence principles  
 
(i) Galileo equivalence principle (WEP I) [19] 
 
Using an inclined plane, Galileo (1564-1642) showed that the distance a falling body 
travels from rest varies as the square of the time. Therefore, the motion is one of constant 
acceleration. Moreover, Galileo demonstrated that "the variation of speed in air between 
balls of gold, lead, copper, porphyry, and other heavy materials is so slight that in a fall 
of 100 cubits [about 46 meters] a ball of gold would surely not outstrip one of copper by 
as much as four fingers. Having observed this, I came to the conclusion that in a medium 
totally void of resistance all bodies would fall with the same speed [together]" [19]; thus 
Galileo had grasped an equivalence in gravity. The last conjecture is the famous Galileo 
equivalence principle; it serves as the beginning of our understanding of gravity. More 
precisely, Galileo equivalence principle states that in a gravitational field, the trajectory 
of a test body with a given initial velocity is independent of its internal structure and 
composition (universality of free fall trajectories).  
From Galileo's observations, one can arrive at the following two well-known 
conclusions: 
 
(a) The gravitational force (weight) at the top of the inclined plane and that at a middle 
point of the inclined plane can be regarded the same to the experimental limits in those 
days. Hence a falling body experiences a constant force (its weight). The motion of a 
falling body is one of constant acceleration. Therefore a constant force f induces a 
motion of constant acceleration a. Hence force and acceleration (not velocity) are closely 
related. If one changes the inclinations of the plane to get different "dilutions" of gravity, 
one finds 
 
      f   a                                                                 (18) 
 
for a falling body. From Galileo's observation of the universality of free fall trajectories, 
we know that the acceleration a is the same for different bodies. But f (weight) is 
proportional to mass m. Hence for different bodies,  
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                                                  f / m    a.                                                                    (19) 
 
If one chooses appropriate units, one arrives at 
 
                                                             f = m a                                                               (20) 
 
for falling bodies. lf one further assumes that all kind of forces are equivalent in their 
ability to accelerate and notices the vector nature of forces and accelerations, one would 
arrive at Newton's second law,  
 
                                                               f = m a.                                                             (21)  
 
(b) From Galileo equivalence principle, the gravitational field can be described by the 
acceleration of gravity g. Newton's second law for N particles in external gravitational 
field g is 
 
                       mI d2xI/dt2 = mI g(xI) +  ∑J=1N FIJ(xI –xJ) ,       (I= 1,…, N; J  I)             (22) 
 
where FIJ is the force acting on particle I by Particle J. At a point x0, expand g(xI) as 
follows 
 
                                                  g(xI) = g0 + λ·(xI – x0).                                                   (23) 
 
Choosing x0 as origin and applying the following non-Galilean space-time coordinate 
transformation  
 
x’ = x – (1/2) g0 t2, t’ = t,                                                 (24) 
 
(22) is transformed to 
 
     mI d2x’I/dt’2 = ∑J=1N FIJ(x’I – x’J) +  O(x’K),    (I= 1,…, N; J  I) .                (25) 
 
Thus we see that locally the effect of external gravitational field can be transformed 
away. Thus we arrive at a strong equivalence principle. Therefore in Newtonian 
mechanics,  
 
Galileo Weak Equivalence Principle  Strong Equivalence Principle.  
 
In the days of Galileo and Newton, the nature of light and radiation was controversial 
and had to wait for further development to clarify it.  
 
(ii) The second weak equivalence principle (WEP II) 
 
Since the motion of a macroscopic test body is determined not only by its trajectory but 
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also by its rotation state, we have proposed from our previous studies [20, 21] the 
following stronger weak equivalence principle to be tested by experiments, which states 
that in a gravitational field, the motion of a test body with a given initial motion state is 
independent of its internal structure and composition (universality of free fall motions). 
By a test body, we mean a macroscopic body whose size is small compared to the length 
scale of the inhomogeneities of the gravitational field. The macroscopic body can have 
an intrinsic angular momentum (spin) including net quantum spin. 
 
2.3. Equivalence principles for photons (wave packets of light)  
 
(i) WEP I for photons (wave packets of light):  
 
In analogue to the Galileo equivalence principle for test bodies, the WEP I for photons 
states that the spacetime trajectory of light in a gravitational field depends only on its 
initial position and direction of propagation, does not depend on its frequency (energy) 
and polarization. 
 
(ii) WEP II for photons (wave packets of light):  
 
The trajectory of light in a gravitational field depends only on its initial position and 
direction of propagation, not dependent of its frequency (energy) and polarization; the 
polarization state of the light will not change, e.g. no polarization rotation for linear 
polarized light; and no amplification/attenuation of light.  
 
N.B. We consider the propagation (or trajectory) in eikonal approximation, i.e. in 
geometrical optics approximation. The wavelength must be small (just like a test body) 
than the inhomogeneity scale of the gravitational field. 
 
2.4. Microscopic equivalence principles  
 
The development of physics in the nineteenth century brought to improved 
understanding of light and radiations and to the development of special relativity. In 
1905, Einstein [22] obtained the equivalence of mass and energy and derived the famous 
Einstein formula E = mc2. A natural question came in at this point: How light and 
radiations behave in a gravitational field? In 1891, R. v. Eötvös [23] experiment showed 
that inertial mass and gravitational mass are equal to a high precision of 108. In June, 
1907, Planck [24] reasoned that since all energy has inertial properties, all energies must 
gravitate. This paved the way to include the energy in the formulation of equivalence 
principle.  
 
N.B. Since the power of EEP only reaches the gradient of gravity potential, it applies 
only to a region where the second-order gradients or curvature can be neglected. In 
applying the equivalence principle to wave packets or a microscopic wave function, we 
have to assume that the extension is limited to such a region. For example, it should not 
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be applied to a long-distance entangled state. 
 
(i) Einstein equivalence principle (EEP)  
 
Two years after the proposal of special relativity and the formula E=mc2, six months 
after Planck reasoned that all energy must gravitate, Einstein [25], in the last part 
(Principle of Relativity and Gravitation) of his comprehensive 1907 essay on relativity, 
proposed the complete physical equivalence of a homogeneous gravitational field to a 
uniformly accelerated reference system: "We consider two systems of motion, Σ1 and Σ2. 
Suppose Σ1 is accelerated in the direction of its X axis, and γ is the magnitude (constant 
in time) of this acceleration. Suppose Σ2 is at rest, but situated in a homogeneous 
gravitational field, which imparts to all objects an acceleration γ in the direction of the 
X axis. As far as we know, the physical laws with respect to Σ1 do not differ from those 
with respect to Σ2, this derives from the fact that all bodies are accelerated alike in the 
gravitational field. We have therefore no reason to suppose in the present state of our 
experience that the systems Σ1 and Σ2 differ in any way, and will therefore assume in 
what follows the complete physical equivalence of the gravitational field and the 
corresponding acceleration of the reference system."a From this equivalence, Einstein 
derived clock and energy redshifts in a gravitational field. When applied to a spacetime 
region where inhomogeneities of the gravitational field can be neglected, this 
equivalence dictates the behavior of matter in gravitational field. The postulate of this 
equivalence is called the Einstein Equivalence Principle (EEP). EEP is the cornerstone of 
the gravitational coupling of matter and non-gravitational fields in general relativity and 
in metric theories of gravity.  
EEP is a microscopic principle and may mean slightly different things for different 
people. To most people, EEP is equivalent to the coma-goes-to-semicolon rule for matter 
(not including gravitational energy) in gravitational field. Therefore, EEP means that in 
any and every local Lorentz (inertial) frame, anywhere and anytime in the universe, all 
the (nongravitational) laws of physics must take on their familiar special-relativistic 
forms [26]. That is, local (nongravitational) physics should be universally special 
relativistic. In other words, EEP says that the outcome of any local, nongravitational test 
experiment is independent of the velocity of the apparatus. For example, the fine 
structure constant α = e2/ħc must be independent of location, time, and velocity.  
_____________ 
aEinstein further clarified the application of this equivalence to inhomogeneous field, e.g., in his 
book ‘The Meaning of Relativity’ (p. 58, Fifth edition, Princiton University Press 1955): ‘… We 
may look upon the principle of inertia as established, to a high degree of approximation, for the 
space of our planetary system, provided that we neglect the perturbations due to the sun and 
planets. Stated more exactly, there are finite regions, where, with respect to a suitably chosen space 
of reference, material particles move freely without acceleration, and in which the laws of special 
relativity, which have been developed above, hold with remarkable accuracy. Such regions we 
shall call “Galilean regions.” We shall proceed from the consideration of such regions as a special 
case of known properties.’ 
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(ii) Modified Einstein equivalence principle (MEEP)  
 
In 1921, Eddington [27] mentioned the notion of an asymmetric affine connection in 
discussing possible extensions of general relativity. In 1922, Cartan [28] introduced 
torsion as the anti-symmetric part of an asymmetric affine connection and laid the 
foundation of this generalized geometry. Cartan [29] proposed that the torsion of 
spacetime might be connected with the intrinsic angular momentum of matter. In 1921-
22, Stern and Gerlach [30] discovered the space quantization of atomic magnetic 
moments. In 1925-26, Goudsmit and Uhlenbeck [31] introduced our present concept of 
electron spin as the culmination of a series of studies of doublet and triplet structures in 
spectra. Following the idea of Cartan, Sciama [32, 33] and Kibble [34] developed a 
theory of gravitation which is commonly called the Einstein-Cartan-Sciama-Kibble 
(ECSK) theory of gravity.  
After the works of Utiyama [35], Sciama [32, 33] and Kibble [34], interest and 
activities in gauge-type and torsion-type theories of gravity have continuously increased. 
Various different theories postulate somewhat different interaction of matter with 
gravitational field(s). In ECSK theory, in Poincaré gauge theories [36, 37] and in some 
other torsion theories, there is a torison gravitational field besides the usual metric field 
[38]. In special relativity, if we use a nonholonomic tetrad frame, there is an 
antisymmetrie part of the affine connection. Therefore many people working on torsion 
theory take the equivalence principle to mean something different from EEP so that 
torsion can be included. This is most clearly stated in P. von der Heyde's article "The 
Equivalence Principle in the U4 Theory of Gravitation" [39]: Locally the properties of 
special relativistic matter in a noninertial frame of reference cannot be distinguished 
from the properties of the same matter in a corresponding gravitational field. This 
modified equivalence principle (MEEP) allows for formal inertial effects in a 
nonholonomic tetrad frame and hence allows torsion. There are two ways to treat the 
level of coupling of torsion; one can consider torsion on the same level as symmetric 
affine connection (MEEP I) or one can consider torsion on the same level as curvature 
tensors (MEEP II). Hehl, and von der Heyde [39] hold the second point of view. MEEP I 
allows torsion. Since torsion is a tensor, it cannot be transformed away in any frame if it 
is not zero. EEP is equivalent to MEEP I plus no torsion; therefore we have EEP implies 
MEEP I but MEEP I does not implies EEP. For a test body, curvature effects are 
neglected; so MEEP II is essentially equivalent to EEP for test bodies. Test bodies with 
nonvanishing total intrinsic spin feel torques from the torsion field. Hence MEEP I does 
not imply WEP II. Moreover MEEP I does not imply WEP I either [40]. Therefore we 
have the following: 
 
EEP   MEEP I 
*            
WEP II  WEP I 
 
*WEP II implies EEP is proved for an electromagnetic system in χ-g framework [20, 21, 
41]. However, for other frameworks, the issue is still open. 
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2.5. Equivalence principles including gravity (Strong equivalence principles) 
 
How does gravitational energy behave in a gravitational field? Is local gravity 
experiment depending on where and when in the universe it is performed? These involve 
nonlinear gravity effects.  
 
(i) WEP I for massive bodies  
 
This weak equivalence principle says that in a gravitational field, the trajectory of a 
massive test body with a given initial velocity is also independent of the amount of 
gravitational self-energy inside the massive body. In Brans-Dicke theory and many other 
theories, there are violations of this equivalence principle. The violations are called 
Nordtvedt effects [42, 43]. General relativity obeys WEP I for massive bodies in the 
post-Newtonian limit and for black hole solutions. The nonexistence of Nordtvedt effects 
is an efficient way to single out purely metric theory among metric theories of gravity 
(those comply with EEP). From lunar laser ranging experiment and binary pulsar timing 
observations, the Nordtvedt effect is limited.   
 
(ii) Dicke's [44] strong equivalence principle (SEP)  
 
This is a microscopic equivalence principle. It says that the outcome of any local test 
experiment -- gravitational or nongravitational -- is independent of where and when in 
the universe it is performed, and independent of the velocity of the apparatus. If this 
equivalence principle is valid, the Newtonian gravitational constant GN should be a true 
constant. Brans-Dicke theory with its variable "gravitational constant" as measured by 
Cavendish experiments satisfies EEP but violates SEP. Also, if this equivalence principle 
is valid, a self-gravitating system in background with length scale much larger than the 
self-gravitating system should have locally Lorentz invariance in the background, e.g., 
no preferred-frame effects [45, 46]. 
The violations of SEP seem to be linked with the violations of WEP I for massive 
bodies in many cases. It is interesting to know how SEP and WEP I for massive bodies 
are connected. The violations of SEP may also be connected to the violations of WEP I 
at some level in some cases.  
We note in passing that there are other versions of equivalence principles which we 
are not able to list them here one-by-one. For recent discussions on equivalence 
principles, see also [47, 48]. 
 
2.4. Inequivalence and interrelations of various equivalence principles 
 
In the preceding subsections, we have listed and explained various equivalence principles. 
Logically all these equivalence principles are different. An important issue is that to what 
extent they are equivalent, and in what situations they are inequivalent. This issue 
became conspicuous for more than 50 years since Dicke-Schiff redshift controversy. In 
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1960, Leonard Schiff [49] argued as follows: "The Eötvös experiments show with 
considerable accuracy that the gravitational and inertial masses of normal matter are 
equal. This means that the ground state eigenvalue of the Hamiltonian for this matter 
appears equally in the inertial mass and in the interaction of this mass with a 
gravitational field. It would be quite remarkable if this could occur without the entire 
Hamiltonian being involved in the same way, in which case a clock composed of atoms 
whose motions are determined by this Hamiltonian would have its rate affected in the 
expected manner by a gravitational field." He suggested that EEP and, hence, the metric 
gravitational redshift are consequences of WEP I. In short, Schiff believes that  
 
WEP I   EEP.  
 
This conjecture is known as Schiff's conjecture. The scope of validity of Schiff's 
conjecture has great importance in the analysis of the empirical foundations of EEP. 
However Dicke [50] he1d a different point of view and believed that the redshift 
experiment has independent theoretical significance. In November 1970, the interests in 
the issue of the validity of Schiff's conjecture were rekindled during a vigorous argument 
between L. Schiff and K.S. Thorne at the Caltech-JPL Conference on Experimental Tests 
of Gravitation Theories. In 1973, Thorne, Lee, and Lightman [51] analyzed the 
fundamental concepts and terms involved in detail and gave a plausibility argument 
supporting Schiff's conjecture. Lightman and Lee [52] proved Schiff's conjecture for 
electromagnetically interacting systems in a static, spherically symmetric gravitational 
field using the THεμ formalism. I found a nonmetric theory which includes pseudoscalar-
photon interaction and showed that it is a counterexample to Schiff’s conjecture [53]. In 
1974, I showed that this counterexample is the only case in a general premetric 
constitutive tensor formulation of electromagnetism (χ-framework) with standard particle 
Lagrangian (The whole framework is called the χ-g framework.) [20, 21]. This supports 
that the approach of Schiff is right in the large, although not completely right. In the 
eikonal approximations of the χ-g framework, I showed that the first-order gravitational 
redshifts are metric [21] (so Schiff was right for redshift in this case to first order). In the 
latter part of 1970’s, I use the χ-g framework to look into the issue of gravitational 
coupling to electromagnetism empirically [14-16, 40]. In the next section, we will review 
the progress for this issue. Recently, the significance of redshift experiments is brought 
up again in the comparison of redshift and atom interferometry experiment [54, 55]. 
For the strong equivalence principle, one could ask similar questions. Would WEP I 
for massive body imply Dicke’s strong equivalence principle (SEP)? This is a direct 
extension of Schiff’s conjecture. One can call it Schiff’s conjecture for massive bodies. 
There are significant progresses recently. Gérard [56] has worked out a link between the 
vanishing of Nordtvedt effects and a condition of SEP. Di Casola, Leberati and Sonego 
[57] have employed WEP I for massive bodies as a sieve for purely metric theories of 
gravity using variational approach. They also propose the conjecture that SEP is 
equivalent to the union of WEP I for massive bodies (GWEP in their term) and EEP. 
Since WEP I does not imply EEP (Schiff’s conjecture is incorrect) [20, 21, 53], we 
would like to propose to investigate the validity of the following two statements in 
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various frameworks: (i) WEP II for massive bodies is equivalent to Dicke’s strong 
equivalence principle (SEP); (ii) SEP is equivalent to the union of WEP II for massive 
bodies (GWEP in their term) and EEP. 
 
3. Gravitational Coupling to Electromagnetism and the Structure of Spacetime  
 
3.1. Premetric electrodynamics as a framework to study gravitational coupling to 
electromagnetism 
 
For the ordinary gravitational field, it is a low energy situation compared to Planck 
energy, as we mentioned in the Introduction. If we represent the gravitational coupling to 
electromagnetism by constitutive tensor density, the constitutive tensor density must be 
linear and local as given by (12), independent of the field strength Fkl, dependent only on 
the gravitational field(s). The constitutive tensor density (12) has three irreducible pieces. 
Both Hij and Fkl are antisymmetric, hence χijkl must be antisymmetric in i and j, and k and 
l. Therefore the constitutive tensor density χijkl has 36 (6 × 6) independent components. A 
general linear constitutive tensor density χijkl in electrodynamics can first be decomposed 
into two parts, the symmetric part in the exchange of index pairs ij and kl [(1/2) (χijkl + 
χklij )] and the antisymmetric part in the exchange of index pairs ij and kl [(1/2) (χijkl − 
χklij )]. The first part has 21 degrees of freedom and contains the totally antisymmetric 
part – the axion part (Ax). Subtracting the axion part, the remaining part is the principal 
part which has 20 degrees of freedom. The second part is the skewon part and has 15 
degrees of freedom. The principal part (P), the axion part (Ax) and the Hehl-Obukhov-
Rubilar skewon part (Sk) constitute the three irreducible parts under the group of general 
coordinate transformations [6]: 
 
                             χijkl = (P)χijkl + (Sk)χijkl + (Ax)χijkl,    (χijkl = − χjikl = − χijlk)                       (26) 
 
with 
 
     (P)χijkl = (1/6)[2(χijkl + χklij ) − (χiklj + χljik) − (χiljk + χjkil)],                    (27a) 
     (Ax)χijkl = χ[ijkl] = φ eijkl,                                                                        (27b) 
     (Sk)χijkl = (1/2) (χijkl − χklij ).                                                                 (27c) 
 
Decomposition (26) is unique. If we substitute (26) into (17a), the skewon part does not 
contribute to the Lagrangian; hence, for Lagrangian based theory, it is skewonless. The 
systematic study of skewonful cases started in 2002 (See, e.g., Hehl and Obukhov [6]). 
The complete agreement with EEP for photon sector requires (as locally in special 
relativity) (i) no birefringence; (ii) no polarization rotation; (iii) no amplification/no 
attenuation in spacetime propagation. In sections 3.2 to 3.5 we review how cosmic 
connection/observation of these three conditions on electromagnetic propagation verifies 
EEP and determination of the spacetime structure in the skewonless case (Lagrangian-
based case). In section 3.2, we derive wave propagation and dispersion relations in the 
lowest eikonal approximation in weak field in the premetric electrodynamics. In section 
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3.3, we apply it to the determination of the spacetime structure in the skewonless case 
using no birefringence condition. With no birefringence, any skewonless spacetime 
constitutive tensor must be of the form  
 
χijkl = (−h)1/2[(1/2)hik hjl − (1/2)hil hkj]ψ + φeijkl,                        (28) 
                                             
where hij is a metric constructed from χijkl (h = det (hij) and hij the inverse of hij) which 
generates the light cone for electromagnetic wave propagation, ψ a dilaton field  
constructed from χijkl and φ an axion field constructed from χijkl. Observations on no 
birefringence of cosmic propagation of electromagnetic waves constrain the spacetime 
constitutive tensor to the form (28) to very high precision. In section 3.4, we review the 
derivation of the dispersion relation of wave propagation in dilaton field and axion field 
with constitutive relation (28); we show further that with the condition of no polarization 
rotation and the condition of no amplification/no attenuation satisfied, the axion φ and 
the dilaton ψ should be constant, i.e. no varying axion field and no varying dilaton field 
respectively. The EEP for photon sector would then be observed; the spacetime 
constitutive tensor density would be of metric-induced form. Thus we tie the three 
observational conditions to EEP and to metric-induced spacetime constitutive tensor 
density in the photon sector. In section 3.5, we review the empirical constraint on cosmic 
dilaton field and cosmic axion field. The results are summarized in Table I in the 
Introduction. In section 3.6, we apply the dispersion relations derived in section 3.2 to 
the case of metric induced constitutive tensor with skewons with further discussions. In 
section 3.7, we discuss the case of spacetime with asymmetric-metric induced 
constitutive tensor using Fresnel equaion. In section 3.8, we review the application of 
these results to the accuracy of empirical verification of the closure relations in 
electrodynamics. 
 
3.2. Wave propagation and the dispersion relation 
 
The sourceless Maxwell equation (10b) is equivalent to the local existence of a 4-
potential Аi such that 
 
 Fij = Аj,i − Аi,j,                                                       (29) 
    
with a gauge transformation freedom of adding an arbitrary gradient of a scalar function 
to Аi. The Maxwell equation (10a) in vacuum is    
 
                                                            (χijklAk,l),j = 0.                                                       (30) 
 
Using the derivation rule, we have 
 
χijklAk,l,j + χijkl,j Ak,l = 0.                                               (31) 
 
(i) For slowly varying, nearly homogeneous field/medium, and/or (ii) in the eikonal 
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approximation with typical wavelength much smaller than the gradient scale and time-
variation scale of the field/medium, the second term in (31) can be neglected compared 
to the first term, and we have  
 
χijklAk,lj = 0.                                                          (32) 
 
This approximation is the lowest eikonal approximation, usually also called the eikonal 
approximation. In this approximation, the dispersion relation is given by the generalized 
covariant quartic Fresnel equation (see, e.g. [6]; also section 3.7). It is well-known that 
axion does not contribute to this dispersion relation [6, 14-16, 58-61] as we will see in 
the following. In this subsection, we use this lowest eikonal approximation and follow 
Ref. [62] to derive dispersion relation in the general linear local constitutive framework. 
In the subsection 3.4, we keep the second term of (31) and follow Ref. [63] to find out 
dispersion relations for the case that the dilaton gradient and the axion gradient cannot be 
neglected.  
In the weak field or dilute medium, we assume   
 
χijkl = χ(0)ijkl + χ(1)ijkl + O(2),                                            (33) 
 
where O(2) means second order in χ(1). Since the violation from the Einstein Equivalence 
Principle would be small and/or if the medium is dilute, in the following we assume that 
 
χ(0)ijkl = (1/2)gikgjl − (1/2)gilgkj,                                        (34) 
 
and χ(1)ijkl is small compared with χ(0)ijkl. We can then find a locally inertial frame such 
that gij becomes the Minkowski metric ηij good to the derivative of the metric. To look 
for wave solutions, we use eikonal approximation and choose z-axis in the wave 
propagation direction so that the solution takes the following form: 
 
А = (А0, А1, А2, А3) eikz-iωt.                                           (35) 
 
We expand the solution as 
 
Аi = [А(0)i + А(1)i + O(2)] eikz-iωt.                                       (36) 
 
Imposing radiation gauge condition in the zeroth order in the weak field/dilute 
medium/weak EEP violation approximation, we find the zeroth order solution of (36) 
and the zeroth order dispersion relation satisfying the zeroth order equation χ(0)ijkl А(0)k,lj = 
0 as follow: 
 
                                             А(0) = (0, А(0)1, А(0)2, 0), ω = k + O(1).                                 (37) 
 
Substituting (36) and (37) into equation (32), we have 
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χ(1)ijkl А(0)k,lj + χ(0)ijkl А(1)k,lj = 0 + O(2).                                (38) 
 
The i = 0 and i = 3 components of (38) both give 
 
А(1)0 + А(1)3 = 2 (χ(1)3013 − χ(1)3010) А(0)1 + 2 (χ(1)3023 − χ(1)3020) А(0)2 + O(2).     (39)  
 
Since this equation does not contain ω and k, it does not contribute to the determination 
of the dispersion relation. A gauge condition in the O(1) order fixes the values of А(1)0 
and А(1)3. 
The i = 1 and i = 2 components of (38) are 
 
                         (1/2)(ω2 − k2) А(0)1 + χ(0)1jklА(1)k,lj + χ(0)1jklА(0)k,lj = 0 + O(2),                 (40a) 
                        (−1/2)(ω2 − k2) А(0)2 + χ(0)2jklА(1)k,lj + χ(1)2jklА(0)k,lj = 0 + O(2).               (40b) 
 
These two equations determine the dispersion relation and can be rewritten as 
 
                               [(1/2)(ω2 − k2) − k2А(1)] А(0)1 − k2B(1) А(0)2 = O(2),                         (41a) 
                             − k2B(2) А(0)1 + [(1/2)(ω2 − k2) − k2А(2)] А(0)2 = O(2),                       (41b) 
 
where  
 
  A(1) ≡ χ(1)1010 – (χ(1)1013 + χ(1)1310) + χ(1)1313,                              (42a) 
  A(2) ≡ χ(1)2020 – (χ(1)2023 + χ(1)2320) + χ(1)2323,                             (42b) 
  B(1) ≡ χ(1)1020 – (χ(1)1023 + χ(1)1320) + χ(1)1323,                             (42c) 
  B(2) ≡ χ(1)2010 – (χ(1)2013 + χ(1)2310) + χ(1)2313.                             (42d)  
 
We note that A(1) and A(2) contain only the principal part of χ; B(1) and B(2) contain only 
the principal and skewon part of χ. The axion part drops out and does not contribute to 
the dispersion relation in the eikonal approximation. The principal part (P)B and skewon 
part (Sk)B of B(1) are as follows: 
 
(P)B = (1/2)( B(1) + B(2)); (Sk)B = (1/2)( B(1) – B(2)).                        (43) 
 
From (43), B(1) and B(2) can be expressed as 
 
                                                B(1) = (P)B + (Sk)B; B(2) = (P)B – (Sk)B.                                (44) 
 
For equations (41a,b) to have nontrivial solutions of (А1(0), А2(0)), we must have the 
following determinant vanish to first order: 
 
(1/2)(ω2 − k2) − k2А(1)]                 − k2B(1) 
  det                  
− k2B(2)                   (1/2)(ω2 − k2) − k2А(2) 
= (1/4)(ω2 − k2)2 − (1/2)(ω2 − k2) k2(А(1) + А(2)) + k4 (А(1) А(2) − B(1) B(2)) = 0 + O(2).  (45) 
18 
 
 
The solution of this quadratic equation in ω2, i.e., the dispersion relation is 
 
                     ω2 = k2[1 + (А(1) + А(2)) ± ((А(1) − А(2))2 + 4B(1) B(2))1/2] + O(2),                (46) 
 
or 
 
                ω = k [1 + 1/2 (А(1) + А(2)) ±1/2 ((А(1) − А(2))2 + 4B(1) B(2))1/2] + O(2).            (47) 
 
From (46) the group velocity is 
 
          vg = ∂ω/∂k = 1 + 1/2 (А(1) + А(2)) ± 1/2 ((А(1) − А(2))2 + 4B(1) B(2))1/2 + O(2).        (48) 
 
The quantity under the square root sign is  
 
                     ξ ≡ (А(1) − А(2))2 + 4B(1) B(2) = (А(1) − А(2))2 + 4((P)B)2 – 4((Sk)B)2.              (49) 
 
Depending on the sign or vanishing of ξ, we have the following three cases of 
electromagnetic wave propagation: 
 
(i) ξ > 0, (А(1) − А(2))2 + 4((P)B)2 > 4((Sk)B)2: There is birefringence of wave propagation; 
(ii) ξ = 0, (А(1) − А(2))2 + 4((P)B)2 = 4((Sk)B)2: There are no birefringence and no 
dissipation/amplification in wave propagation; 
(iii) ξ < 0, (А(1) − А(2))2 + 4((P)B)2 < 4((Sk)B)2: There is no birefringence, but there are both 
dissipative and amplifying modes in wave propagation. 
 
3.2.1. The condition of vanishing of B(1) and B(2) for all directions of wave propagation 
 
From the definition (29c), the condition of vanishing of B(1) for wave propagation in the 
z-axis direction is 
 
B(1) = χ(1)1020 + χ(1)1323 – χ(1)1023 – χ(1)1320 = 0.                           (50) 
 
To look for conditions derivable in combination with those from other directions, we do 
active Lorentz transformations (rotations/boosts). Active rotation Rθ in the y-z plane with 
angle θ is 
 
t = Rθ t, x = Rθ x, y = Rθ y = y cos θ + z sin θ, z = Rθ z = – y sin θ + z cos θ.           (51) 
 
Applying active rotation Rθ (51) to (50), we have  
 
0 = χ(1)1020 + χ(1)1323 – χ(1)1023 – χ(1)1320  
= χ(1)1020 + χ(1)1323 – χ(1)1023 – χ(1)1320 + θ (χ(1)1030 + χ(1)1220 – χ(1)1223 – χ(1)1330) + O(θ2),  (52) 
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for small value of θ. From (52) and (50), we have 
 
                                          χ(1)1030 + χ(1)1220 – χ(1)1223 – χ(1)1330 = 0.                                   (53) 
 
Following the same procedure, we apply repeatedly active rotation Rθ to (53) and the 
resulting equations together with their linear combinations. After performing cyclic 
permutation 1231 on the upper indices once and twice on some of the resulting 
equations, we have the following equations (for detailed derivation, see 
arXiv:1312.3056v1) 
 
χ(1)1220 = χ(1)1330; χ(1)2330 = χ(1)2110; χ(1)3110 = χ(1)3220 ; χ(1)1020 = – χ(1)1323; χ(1)2030 = – χ(1)2131; 
χ(1)3010 = – χ(1)3212; χ(1)1320 = – χ(1)1230; χ(1)3210 = – χ(1)3120; χ(1)2130 = – χ(1)2310;  
χ(1)1023 = – χ(1)1320; χ(1)2031 = – χ(1)2130; χ(1)3012 = – χ(1)3210.                                             (54a-l)                               
 
From (54g-l), χ(1)0123is completely anti-symmetric under any permutation of (0123). 
Among (54g-i) only 2 are independent; among (54j-l) also only 2 are independent. For 
(PA)χijkl, (54g-l) give 2 independent conditions. For (Sk)χijkl, (54g-l) give 3 independent 
conditions and χ(1)0123 must vanish. 
The derivation of formulas in this subsection from (50) to (54l) is independent of 
whether χijkl is principal, axionic or skewonic. Hence, (P)(54a-l) hold for (P)χijkl with (P)B(1) 
= 0, (A)(54a-l) hold for (A)χijkl with (A)B(1) = 0, and (Sk)(54a-l) holds for (Sk)χijkl with (Sk)B(1) = 
0. Here (P)(54a-l) means (54a-l) with χ substituted by (P)χ, (A)(54a-l) means (54a-l) with χ 
substituted by (A)χ, and (Sk)(54a-l) means (54a-l) with χ substituted by (Sk)χ; similarly for 
(P)B(1), (A)B(1) and (Sk)B(1). For B(1) = B(2) =0 in all directions, we have (P)B(1) = (Sk)B(1) = 0 in 
all directions, and hence, both (P)(54a-l) and (Sk)(54a-l) are valid.  
 
3.2.2. The condition of (Sk)B(1) = (P)B(1) = 0 and A(1) = A(2) for all directions of wave 
propagation 
    
With the condition (Sk)B(1) = (P)B(1) = 0 and A(1) = A(2) for all directions of wave 
propagation, there is no birefringence for all directions of wave propagation. From 
subsection 2.2.1, we have equations (54a-l) holds from the validity of (Sk)B(1) = (P)B(1) = 0 
(i.e., B(1) = 0) for all directions of wave propagation. From A(1) = A(2) and the definition 
(42a, b), we have 
 
χ(1)1010 – (χ(1)1013 + χ(1)1310) + χ(1)1313 = χ(1)2020 – (χ(1)2023 + χ(1)2320) + χ(1)2323.         (55) 
 
From (54c) for the principal part, the terms in the parentheses on the two sides of the 
above equation cancel out and we have 
 
χ(1)1010 + χ(1)1313 = χ(1)2020 + χ(1)2323.                                 (56a) 
 
Applying active rotation Rπ/2 around in the y-z plane to (56a), we obtain 
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χ(1)1010 + χ(1)1212 = χ(1)3030 + χ(1)3232.                                (56b) 
 
3.3. Nonbirefringence condition for the skewonless case 
 
If EEP is observed, photons with different polarizations as test particles shall follow 
identical trajectories in a gravitational field. Then the photons obey WEP I and there is 
no birefringence. In this section, we will first derive the core metric formula for the 
constitutive tensor density from the nonbirefringence condition in the skewonless case 
(Lagrangian-based case) and then use the cosmological observations to constrain the 
spacetime constitutive tensor density to this form to ultra-high precision. 
    From equation (49) in section 3.2, the condition of nonbirefringence in the skewonless 
case is 
 
А(1) = А(2), B(1) = B(2) = (P)B = 0.                                       (57) 
 
With these conditions, (54a-h) and (56a,b) in section 2.2.1 and section 2.2.2 are valid and 
gives ten conditions on 21 independent components of skewonless constitutive tensor 
density χijkl: 
 
χ(1)1220 = χ(1)1330;                                                    (58a) 
χ(1)2330 = χ(1)2110;                                                    (58b) 
χ(1)3110 = χ(1)3220 ;                                                   (58c) 
χ(1)1020 = – χ(1)1323;                                                 (58d) 
χ(1)2030 = – χ(1)2131;                                                 (58e) 
χ(1)3010 = – χ(1)3212;                                                 (58f) 
χ(1)1320 = – χ(1)1230;                                                 (58g) 
χ(1)3210 = – χ(1)3120;                                                 (58h) 
χ(1)1010 + χ(1)1313 = χ(1)2020 + χ(1)2323;                                     (58i) 
χ(1)1010 + χ(1)1212 = χ(1)3030 + χ(1)3232.                                     (58j) 
 
Define 
 
h(1)10 ≡ h(1)01 ≡ − 2 (P)χ(1)1220; h(1)20 ≡ h(1)02 ≡ − 2 (P)χ(1)2330; h(1)30 ≡ h(1)03 ≡ − 2 (P)χ(1)3110; 
h(1)12 ≡ h(1)21 ≡ − 2 (P)χ(1)1020; h(1)23 ≡ h(1)32 ≡ − 2 (P)χ(1)2030; h(1)31 ≡ h(1)13 ≡ − 2 (P)χ(1)3010; 
h(1)11 ≡ 2 (P)χ(1)2020 + 2 (P)χ(1)2121 − h(1)00; h(1)22 ≡ 2 (P)χ(1)3030 + 2 (P)χ(1)3232 − h(1)00; 
h(1)33 ≡ 2 (P)χ(1)1010 + 2 (P)χ(1)1313 − h(1)00,                                                                   (59a) 
 
  ψ ≡ 1 + 2 (P)χ(1)1212 + (1/2) η00 (h(1)00 − h(1)11 − h(1)22 − h(1)33) − h(1)11 − h(1)22,          (59b) 
 
φ ≡ χ(1)0123 ≡ χ(1)[0123].                                                                                               (59c) 
 
Note that in these definitions, h(1)00 is not defined and is free. Now it is straightforward to 
show that when (41a-l) and (46a-b) are satisfied, then χ can be written to first-order in 
terms of the fields h(1)ij, ψ, φ, and pij with hij ≡ ηij + h(1)ij and h ≡ det (hij) in the following 
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form: 
 
χijkl = (P)χ(1)ijkl + (A)χ(1)ijkl + (SkII)χ(1)ijkl  
= ½  (−h)1/2[hik hjl − hil hkj]ψ + φeijkl,                                     (60) 
 
with 
 
                                        (P)χ(1)ijkl = ½  (−h)1/2[hik hjl − hil hkj]ψ,                                      (61a) 
                                        (A)χ(1)ijkl = φeijkl.                                                                      (61b) 
             
It is ready to derive the following theorem: 
 
Theorem: For linear electrodynamics with Lagrangian (17a), i.e. with skewonless 
constitutive relation (12), the following three statements are equivalent to first order in 
the field: 
(i) А(1) = А(2) and (P)B = 0 for all directions, i.e. nonbirefringence in electromagnetic wave 
propagation, 
(ii) (58a-j) hold, 
(iii) χijkl can be expressed as (60) with (59a-c). 
 
Proof: (i)  (ii) has been demonstrated in the derivation of (58a-j).  
     (ii)  (iii) has also been demonstrated in the derivation of (60) above. 
     (iii)  (i): (60) is a Lorentz tensor density equation. If it holds in one Lorentz frame, 
it holds in any other frame. From this we readily check that А(1) = А(2) and (P)B = 0 in any 
new frame with the wave propagation in the z-direction.  
 
This theorem is a re-statement of the results of our work [14-16]. We note that 
previously we used the symbol Hik instead of hik, here because Hik is already used for 
excitation, we changed the notation. 
We constructed the relation (60) in the weak-violation approximation of EEP in 
1981 [14-16]; Haugan and Kauffmann [58] reconstructed the relation (60) in 1995. After 
the cornerstone work of Lämmerzahl and Hehl [59], Favaro and Bergamin [64] finally 
proved the relation (60) without assuming weak-field approximation (see also Dahl [65]).  
Polarization measurements of electromagnetic waves from pulsars and 
cosmologically distant astrophysical sources has yielded stringent constraints agreeing 
with (60) down to 1016 and 1032 respectively as shown in Table 1.  
Observational constraints from pulsars [15, 16]: In 1970s and 1980s pulsar 
observations gave the best constraints on the birefringence in the propagation. The pulses 
and micropulses from pulsars with different polarizations are correlated in general 
structure and timing [66]. No retardation with respect to different polarizations is 
observed. This means that conditions similar to (57) are satisfied to observational 
accuracy. For Crab pulsar, the micropulses with different polarizations are correlated in 
timing to within 10-4 sec, the distance of the Crab pulsar is 2200 pc, therefore to within 
10-4 sec / (2200  3.26 light yr.) = 5  10-16 accuracy two conditions similar to (57) are 
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satisfied. In 1981, over 300 pulsars in different directions had been observed. Many of 
them had polarization data. Combining all of them, (58a-j) were satisfied to an accuracy 
of 10-14 – 10-16. Since for galactic gravitational field U ~ 106, according to the procedure 
of proving the theorem, χ(1)/U (or χ/U) agrees with that given by (60) to an accuracy of 
108 – 1010. At that time, we anticipated that detailed analysis would reveal better results. 
In 2002, a detailed analysis using X-ray pulsars [67] demonstrated the full procedure. At 
that time McCulloch, Hamilton, Ables and Hunt [68] had just observed a radio pulsar in 
the large Magellanic Cloud; Backer, Kulkarni, Helles, Davis and Goss [69] had 
discovered a millisecond pulsar which rotates 20 times faster than the Crab pulsar. The 
progress of these observations would potentially give better constraints on some of the 
conditions (58a-j) due to larger distance or fast period involved.  
We also anticipated that analysis of optical and X-ray polarization data from various 
astrophysical sources would give better accuracy to some of the ten constraints in (58a-j).  
Thus, to high accuracy, photons are propagating in the metric field hik and two 
additional (pseudo)scalar fields ψ and φ. A change of hik to hik does not affect χijkl in (60) 
-- this corresponds to the freedom of h(1)00 in the definition (59a) of h(1)ij. Thus we have 
constrained the general linear constitutive tensor of 21 degrees of freedom from the 10 
constraints (58a-j) to eleven degrees of freedom in (60).  
Constraints from extragalactic radio-galaxy observations [61]: Analyzing the data 
from polarization measurements of extragalactic radio sources, Haugan and Kauffmann 
[58] in 1995 inferred that the resolution for null-birefringence is 0.02 cycle at 5 GHz. 
This corresponds to a time resolution of 4 × 10-12 s and gives much better constraints.  
With a detailed analysis and more extragalactic radio observations, (60) would be tested 
down to 10-28-10-29 at cosmological distances. In 2002, Kostelecky and Mews [70] used 
polarization measurements of light from cosmologically distant astrophysical sources to 
yield stringent constraints down to 2 × 10-32. The electromagnetic propagation in 
Moffat's nonsymmetric gravitational theory [71, 72] fits the χ-g framework. Krisher [73], 
and Haugan and Kauffmann [58] have used the pulsar data and extragalactic radio 
observations respectively to constrain it. 
Constraints from gamma-ray burst observations [17]: Recent polarization 
observations on gamma-ray bursts gives even better constraints on the dispersion relation 
and nonbirefringence in cosmic propagation [74, 75]. The observation on the polarized 
gamma-ray burst GRB 061122 (z = 1.33) gives a lower limit on its polarization fraction 
of 60% at 68% confidence level (c.l.) and 33% at 90% c.l. in the 250-800 keV energy 
range [27]. The observation on the polarized gamma-ray burst GRB 140206A constrains 
the linear polarization level of the second peak of this GRB above 28 % at 90% c.l. in the 
200-400 keV energy range [75]; the redshift of the source is measured from the GRB 
afterglow optical spectroscopy to be z = 2.739. GRBs polarization observations have 
been used to set constraints on various dispersion relations (See, e.g. [76, 77] and 
references therein). These two new GRB observations have larger and better redshift 
determinations than previous observations. We use them to give better constraints in our 
case. Since birefringence is proportional to the wave vector k in our case, as gamma-ray 
of a particular frequency (energy) travels in the cosmic spacetime, the two linear 
polarization eigen-modes would pick up small phase differences. A linear polarization 
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mode from distant source resolved into these two modes will become elliptical polarized 
during travel and lose part of the linear coherence. The way of gamma ray losing linear 
coherence depends on the frequency span. For a band of frequency, the extent of losing 
coherence depends on the distance of travel. The depolarization distance is of the order 
of frequency band span π∆f times the integral I = (1 + z(t))dt of the redshift factor (1 + 
z(t)) with respect to the time of travel. For GRB 140206A, this is about 
 
π∆f I = π∆f (1 + z(t))dt  1.5 × 1020 Hz × 0.6 × 1018 s  1038.          (62) 
 
Since we do observe linear polarization in the 200-400 kHz frequency band of GRB 
140206A with lower bound of 28 %, this gives a fractional constraint of about 10−38 on a 
combination of χ’s. A similar constraint can be obtained for GRB 061122 (the band 
width times the redshift is about the same). A more detailed modeling may give better 
limits. The distribution of GRBs is basically isotropic. When this procedure is applied to 
an ensemble of polarized GRBs from various directions, the relation (20) would be 
verified to about 10−38. 
Thus, we see that from the pulsar signal propagation, the polarization observations 
on radio galaxies and the gamma ray burst observations the nonbirefringence condition is 
verified empirically in spacetime propagarion with accugaracies to 1016, 1032, and 1038. 
The accuracies of three observational constraints are summarized in Table I. The 
constitutive tensor can be constructed by the procedure in the proof of the theorem in this 
subsection to be in the core form (60) with accuracy to 1038. Nonbirefringence (no 
splitting, no retardation) for electromagnetic wave propagation independent of 
polarization and frequency (energy) is the statement of Galileo Equivalence Principle for 
photons or WEP I for photons. Hence WEP I for photons in verified to this accuracy in 
the spacetime propagation.  
In the following subsection, we assume (60) [i.e. (28)] is valid and look into the 
influence of the axion field and the dilaton field of the constitutive tensor on the 
dispersion relation. 
 
3.4. Wave propagation and the dispersion relation in dilaton field and axion field 
 
We first notice that in the lowest eikonal approximation, the dispersion relation (46) or 
(47) does not contain the axion piece and does not contain the gradient of fields. Dilaton 
in (60) goes in this dispersion relation only as an overall scale factor and drops out too.  
     To derive the influence of the dilaton field and the axion field on the dispersion 
relation, one needs to keep the second term in equation (31). This has been done for the 
axion field in references [53, 60, 61, 78-80]. Here we follow the treatment in [63] to 
develop it for the joint dilaton field and axion field with the constitutive relation (60). 
Near the origin in a local inertial frame, the constitutive tensor density in dilaton field ψ 
and axion field φ [equation (60)] becomes 
 
χijkl(xm) = [(1/2) ηik ηjl − (1/2) ηil ηkj] ψ(xm) + φ(xm) eijkl + O(δijxixj),        (63) 
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where ηij is the Minkowski metric with signature −2 and δij the Kronecker delta. In the 
local inertial frame, we use the Minkowski metric and its inverse to raise and lower 
indices. Substituting (63) into the equation (31) and multiplying by 2, we have 
 
ψ Ai,jj + ψ Aj,ij + ψ,j Ai,j − ψ,j Aj,i + 2 φ,j eijkl Ak,l = 0.                    (64) 
 
We notice that (64) is both Lorentz covariant and gauge invariant. 
We expand the dilaton field ψ(xm) and the axion field φ(xm) at the 4-point (event) P 
with respect to the event (time and position) P0 at the origin as follows:  
 
ψ(xm) = ψ(P0) + ψ,i(P0) xj + O(δijxixj),                                (65a) 
φ(xm) = φ(P0) + φ,i(P0) xj + O(δijxixj).                                 (65b) 
 
To look for wave solutions, we use eikonal approximation which does not neglect field 
gradient/medium inhomogeneity. Choose z-axis in the wave propagation direction so that 
the solution takes the following form: 
 
А  (А0, А1, А2, А3) = (А0, А1, А2, А3) eikz-iωt = Аi eikz-iωt.                    (66) 
 
Expand the solution as 
 
Аi = А(0)i + А(1)i + O(2) = [А(0)i + А(1)i + O(2)] eikz-iωt = Аi eikz-iωt.             (67) 
 
Now use eikonal approximation to obtain a local dispersion relation. In the eikonal 
approximation, we only keep terms linear in the derivative of the dilaton field and the 
axion field; we neglect terms containing the second-order derivatives of the dilaton field 
or the axion field, terms of O(δijxixj) and terms of mixed second order, e.g. terms of 
O(А(1)i xj) or O(А(1)i ψ,j); we call all these terms O(2). 
Imposing radiation gauge condition in the zeroth order in the weak field/dilute 
medium approximation, we find to zeroth order, (65) is 
 
                                                   ψ A(0)i,jj = 0, or A(0)i,jj = 0,                                             (68) 
 
and the corresponding zeroth order solution and the dispersion relation are 
 
                        А(0)i = (0, А(0)1, А(0)2, 0) = А(0)i eikz−iωt =(0, А(0)1, А(0)2, 0) eikz−iωt,           (69a) 
 
ω = k + O(1).                                              (69b) 
 
Substituting (68) and (69a,b) into equation (64), we have 
 
ψ A(0)i,jj + ψ A(1)i,jj + ψ A(1) j,ij + ψ,j A (0)i,j − ψ,j A(0)j,i + 2 φ,j eijkl A(0)k,l = 0 + O(2).    (70) 
 
The i = 0 and i = 3 components of (70) both lead to the same modified Lorentz gauge 
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condition in the dilaton field and the axion field in the O(1) order [63]: 
 
A(1)j,j = – ψ−1 (ψ,1 – 2 φ,2) A(0)1 – ψ−1 (ψ,2 + 2 φ,1) A(0)2 + O(2).                  (71) 
 
Since equation (71) does not contain ω and k, it does not contribute to the determination 
of the dispersion relation.  
Using the gauge condition (71), we obtain the i = 1 and i = 2 components of 
equation (70) as 
 
(ω2 − k2) А(0)1 – i k А(0)1 ψ−1 (ψ,0 + ψ,3) – 2 i k А(0)2 ψ−1 (φ,0 + φ,3) = 0 + O(2),      (72a) 
(ω2 − k2) А(0)2 – i k А(0)2 ψ−1 (ψ,0 + ψ,3) + 2 i k А(0)1 ψ−1 (φ,0 + φ,3) = 0 + O(2).     (72b) 
 
These two equations determine the dispersion relation in the dilaton field and the axion 
field: 
 
                 (ω2 − k2) – i k ψ−1 (ψ,0 + ψ,3)           – 2 i k ψ−1 (φ,0 + φ,3) 
det          
2 i k ψ−1 (φ,0 + φ,3)            (ω2 − k2) – i k ψ−1 (ψ,0 + ψ,3) 
   
= [ (ω2 − k2) – i k ψ−1 (ψ,0 + ψ,3)]2 – 4 k2 ψ−2 (φ,0 + φ,3)2 = 0 + O(2).                  (73) 
 
Its solutions are 
 
                             ω = k – (i/2) ψ−1 (ψ,0 + ψ,3) ± ψ−1 (φ,0 + φ,3) + O(2),  or                   (74a) 
k = ω + (i/2) ψ−1 (ψ,0 + ψ,3) ± ψ−1 (φ,0 + φ,3) + O(2),                       (74b) 
 
with the group velocity vg = ∂ω/∂k = 1 independent of polarization. When the dispersion 
relation is satisfied, (72a) and (72b) have two independent solutions for the polarization 
eigenvectors А(0)i = (А(0)0, А(0)1, А(0)2, А(0)3) with 
 
                         А(0)1/ А(0)2 = [2 i k ψ−1 (φ,0 + φ,3)]/ [(ω2 − k2) – i k ψ−1 (ψ,0 + ψ,3)]  
                                          = [2 i k ψ−1 (φ,0 + φ,3)]/ [± 2 k ψ−1 (φ,0 + φ,3)] = ± i;            (75a) 
                         А(0)0 = А(0)3 = 0,                                                                                     (75b)                                                  
 
for ω = k – (i/2) ψ−1 (ψ,0 + ψ,3) ± ψ−1 (φ,0 + φ,3) + O(2) respectively. From (30a), the two 
polarization eigenstates are left circularly polarized state and right circularly polarized 
state in varying axion field. This agrees with the electromagnetic wave propagation in 
axion field as derived earlier [53, 60, 61, 78-80].  
With the dispersion (74), the plane-wave solution (66) propagating in the z-direction 
is 
 
А  (А0, А1, А2, А3) = (0, А(0)1, А(0)2, 0) eikz-iωt  
= (0, А(0)1, А(0)2, 0) exp[ikz – ikt ± (−i) ψ−1 (φ,0 t + φ,3 z) − (1/2) ψ−1 (ψ,0 t + ψ,3 z)],    (76) 
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with А(0)1 = ± i А(0)2. The additional factor acquired in the propagation is exp[± (−i) ψ−1 
(φ,0 t + φ,3 z)] × exp[−(1/2)ψ−1 (ψ,0 t + ψ,3 z)]. The first part of this factor, i.e., the axion 
factor exp[± (−i) ψ−1 (φ,0 t + φ,3 z)] adds a phase in the propagation. The second part of 
this factor, i.e., the dilaton factor exp[− (1/2) ψ−1 (ψ,0 t + ψ,3 z)] amplifies or attenuates 
the wave according to whether (ψ,0 t + ψ,3 z) is less than zero or greater than zero. For the 
right circularly polarized electromagnetic wave, the effect of the axion field in the 
propagation from a point P1 = {x(1)i} = {x(1)0; x(1)μ} = {x(1)0, x(1)1, x(1)2, x(1)3} to another 
point P2 = {x(2)i} = {x(2)0; x(2)μ} = {x(2)0, x(2)1, x(2)2, x(2)3} is to add a phase of α = ψ−1 [φ(P2) 
− φ(P1)] ( φ(P2) − φ(P1) for ψ  1) to the wave; for left circularly polarized light, the 
effect is to add an opposite phase [53, 60, 61, 78-80]. Linearly polarized electromagnetic 
wave is a superposition of circularly polarized waves. Its polarization vector will then 
rotate by an angle α. The effect of the dilaton field is to amplify with a factor exp[− (1/2) 
ψ−1 (ψ,0 t + ψ,3 z)] = exp[− (1/2) ((ln ψ),0 t + (ln ψ),3 z)] = (ψ(P1)/ψ(P2))1/2. The dilaton 
field contributes to the amplitude of the propagating wave is positive or negative 
depending on ψ(P1)/ψ(P2) > 1 or ψ(P1)/ψ(P2) < 1 respectively. 
For plane wave propagating in direction nμ = (n1, n2, n3) with (n1)2 + (n2)2 + (n3)2 = 1, 
the solution is  
 
А(nμ)  (А0, А1, А2, А3) = (0, А1, А2, А3) exp(−i knμxμ−iωt) 
= (0, А1, А2, А3) exp[−iknμxμ – ikt ±(−i)ψ−1(φ,0t − nμφ,μnνxν) – (1/2) ψ−1(ψ,0t + nμψ,μnνxν)],   (77) 
 
where Аμ = А(0)μ + nμnνА(0)ν with А(0)1 = ± i А(0)2 and А(0)3 = 0 [nμ  (−n1, −n2, −n3)]. There 
are polarization rotation for linearly polarized light due to axion field gradient, and 
amplification/attenuation due to dilaton field gradient. 
The above analysis is local. In the global situation, choose local inertial frames 
along the wave trajectory and integrate along the trajectory. Since ψ is a scalar, the 
integration gives (ψ(P1)/ψ(P2))1/2 as the amplification factor for the propagation in the 
dilaton field. For small dilaton field variations, the amplification/attenuation factor is 
equal to [1 – (1/2) (Δψ/ψ)] to a very good approximation with Δψ  ψ(P2) − ψ(P1). Since 
this factor does not depend on the wave number/frequency and polarization, it will not 
distort the source spectrum in propagation, but gives an overall amplification/attenuation 
factor to the spectrum. The axion field contributes to the phase factor and induces 
polarization rotation as in previous investigations [53, 60, 61, 78-80]. For ψ  1 
(constant), the induced polarization rotation agrees with previous results which were 
obtained without considering dilaton effect. If the dilaton field varies significantly, a ψ-
weight needs to be included in the integration.  
The complete agreement with EEP for photon sector requires in addition to Galileo 
equivalence principle (WEP I; nonbirefringence) for photons: (i) no polarization rotation 
(WEP II); (iii) no amplification/no attenuation in spacetime propagation; (iii) no spectral 
distortion. With nonbirefringence, any skewonless spacetime constitutive tensor must be 
of the form (60), hence no spectral distortion. From (60), (ii) and (iii) implies that the 
dilaton ψ and axion φ must be constant, i.e. no varying dilaton field and no varying axion 
field; the EEP for photon sector is observed; the spacetime constitutive tensor is of 
metric-induced form. Thus the three observational conditions are tied to EEP and to 
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metric-induced spacetime constitutive tensor in the photon sector.  
In the next subsection, we look into the empirical support of no amplification/no 
attenuation and no polarization rotation conditions. 
 
3.5. No amplification/no attenuation and no polarization rotation constraints on 
cosmic dilaton field and cosmic axion field 
 
In this section we look into the observations/experiments to constrain the dilaton field 
contribution and the axion field contribution to spacetime constitutive tensor density. 
No amplification/no attenuation constraint on the cosmic field: From equation (76) 
and (77) in the last section, we have derived that the amplitude and phase factor of 
propagation in the cosmic dilaton and cosmic axion field is changed by (ψ(P1) / ψ(P2))1/2 
× exp[ikz – ikt ± (−i) (φ(P1) − φ(P2))t]. The effect of dilaton field is to give amplification 
((ψ(P1) − ψ(P2) > 0) or attenuation ((ψ(P1) − ψ(P2) < 0) to the amplitude of the wave 
independent of frequency and polarization.   
The spectrum of the cosmic microwave background (CMB) is well understood to be 
Planck blackbody spectrum. In the cosmic propagation, this spectrum would be 
amplified or attenuated by the factor (ψ(P1) / ψ(P2))1/2. However, the CMB spectrum is 
measured to agree with the ideal Planck spectrum at temperature 2.7255 ± 0.0006 K [81] 
with a fractional accuracy of 2 × 10−4. The spectrum is also red-shifted due to 
cosmological curvature (or expansion), but this does not change the blackbody character. 
The measured shape of the CMB spectra does not deviate from Planck spectrum within 
its experimental accuracy. In the dilaton field the relative increase in power is 
proportional to the amplitude increase squared, i.e., ψ(P1)/ψ(P2). Since the total power of 
the blackbody radiation is proportional to the temperature to the fourth power T4, the 
fractional change of the dilaton field since the last scattering surface of the CMB must be 
less than about 8 × 10−4 and we have 
 
|Δψ|/ψ  4 (0.0006/2.7255)  8 × 10−4.                                  (78) 
 
Direct fitting to the CMB data with the addition of the scale factor ψ(P1)/ψ(P2) would 
give a more accurate value.  
Constraints on the cosmic polarization rotation and the cosmic axion field: From 
(77), for the right circularly polarized electromagnetic wave, the propagation from a 
point P1 (4-point) to another point P2 adds a phase of α = φ(P2) − φ(P1) to the wave; for 
left circularly polarized light, the added phase will be opposite in sign [53]. Linearly 
polarized electromagnetic wave is a superposition of circularly polarized waves. Its 
polarization vector will then rotate by an angle α. In the global situation, it is the property 
of (pseudo)scalar field that when we integrate along light (wave) trajectory the total 
polarization rotation (relative to no φ-interaction) is again α = Δφ = φ(P2) – φ(P1) where 
φ(P1) and φ(P2) are the values of the scalar field at the beginning and end of the wave. 
The constraints [53, 60, 61, 82-84] listed on the axion field are from the UV polarization 
observations of radio galaxies and the CMB polarization observations -- 0.02 for Cosmic 
Polarization Rotation (CPR) mean value |<α>| and 0.03 for the CPR fluctuations <(α − 
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<α>)2>1/2.      
Additional constraints to have the unique physical metric: From (78) the fractional 
change of dilaton |Δψ|/ψ is less than about 8 × 10−4 since the time of the last scattering 
surface of the CMB. Eötvös-type experiments constrain the fractional variation of dilaton 
to 1010 U where U is the dimensionless Newtonian potential in the experimental 
environment. Vessot-Levine redshift experiment and Hughes-Drever-type experiments 
give further constraints (section 6 and section 7) [61]. All these constraints are 
summarized in Table 1. This leads to unique physical metric to high precision for all 
degrees of freedom except the axion degree of freedom and cosmic dilaton degree of 
freedom which are only mildly constrained. 
 
3.6. Spacetime constitutive relation including skewons [62,17] 
 
In this subsection, we review the present status of empirical tests of full local linear 
spacetime constitutive tensor density (26) of premetric electrodynamics. Since EEP is 
verified to a good precision, we are mainly concerned with weak EEP violations and 
weak additional field, i.e. we are assuming χ(0)ijkl is metric and  the components of χ(1)ijkl  
are small in most parts of our treatment. We note that all the formulas in section 3.2 are 
valid with or without skewonless assumption.  
In particular, the condition of (Sk)B(1) = (P)B(1) = 0 and A(1) = A(2) for all directions of 
wave propagation still gives (54a-l) without skewonless assumption.  
We do not assume skewonless condition in this subsection. The Hehl-Obukhov-
Rubilar skewon field (27c) can be represented as 
 
(Sk)χijkl = eijmk Sml − eijml Smk,                                         (79) 
 
where Smn is a traceless tensor with Smm = 0 [6]. From (79), we have 
 
(Sk)χ(1)1320 = −S(1)00 – S(1)22; (Sk)χ(1)1230 = S(1)00 + S(1)33; (Sk)χ(1)2310 = S(1)00 + S(1)11.        (80) 
 
From (Sk)(54g-54l), we must have (Sk)χ(1)1320 = (Sk)χ(1)1230 = (Sk)χ(1)2310 = 0. From (80) and Tr 
Snm = 0, then all S(1)00, S(1)11, S(1)22 and S(1)33 must vanish.  
From (79) together with (Sk)(54a-54f), we have 
 
S(1)32 = − S(1)23; S(1)13 = − S(1)31; S(1)21 = − S(1)12; S(1)30 = S(1)03; S(1)10 = S(1)01; S(1)20 = S(1)02.  
(81) 
 
Using the Lorentz metric (h-metric in the locally inertia frame) to raise/lower the indices, 
we have  
 
                                             S(1)mn = − S(1)nm, S(1)mn = − S(1)nm.                                        (82) 
 
Thus, when (Sk)(54a-54l) (9 independent conditions) are satisfied, the skewon degrees of 
freedom are reduced to 6 (15 – 9) and only Type II skewon field remains. 
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Under Lorentz (coordinate) transformation, the symmetric part and the anti-
symmetric part of Smn transform separately. Hence, with the conditions (Sk)B = 0 for all 
directions of wave propagation, the skewon field is constrained to Type II. The reverse is 
also true: Since (SkII)Snm is a tensor, when it satisfy (Sk)B = 0 for the z-axis of wave 
propagation, they satisfy (Sk)B = 0 for all directions of wave propagation. Hence we have 
the lemma: 
 
Lemma: The following three statements are equivalent 
(i) (Sk)B = 0 for all directions,  
(ii) (Sk)(54a-54l) hold, 
(iii) (Sk)Smn as defined by (79) can be written as (Sk)Smn = (SkII)Smn with (SkII)Snm= – (SkII)Smn. 
 
Proof: (i)  (ii) has been demonstrated in the derivation of (Sk)(54a-54l).  
     (ii)  (iii) has also been demonstrated in the derivation of (80)-(82) and its 
reversibility. 
     (iii)  (i). (SkII)Sij is a tensor. If its anti-symmetric property holds in one frame, it 
holds in any frame. Hence, in any new frame with the propagation in the z-direction, 
(Sk)(54a-54l) hold and we have (Sk)B = 0 for propagation in the z-direction. Since z-
direction can be arbitrary, we have (Sk)B = 0 for all directions. 
 
The condition of (Sk)B(1) = (P)B(1) = 0 and A(1) = A(2) for all directions of wave 
propagation gives (56a,b). Define the anti-symmetric metric pij as follow: 
 
p10 ≡ − p01 ≡ 2 (SkII)χ(1)1220; p20 ≡ − p02 ≡ 2 (SkII)χ(1)2330; p30 ≡ − p03 ≡ 2 (SkII)χ(1)3110;  
p12≡ − p21 ≡ 2 (SkII)χ(1)1020; p23 ≡ − p32 ≡ 2 (SkII)χ(1)2030; p31 ≡ − p13 ≡ 2 (SkII)χ(1)3010; 
p00 ≡ p11 ≡ p22 ≡ p33 ≡ 0.                                                                                                  (83) 
 
It is straightforward to show now that when (54a-l) and (56a-b) are satisfied, then χ can 
be written to first-order in terms of the fields h(1)ij, ψ, φ, and pij with hij ≡ ηij + h(1)ij and h 
≡ det (hij) in the following form: 
 
χijkl = (P)χ(1)ijkl + (A)χ(1)ijkl + (SkII)χ(1)ijkl  
       = ½  (−h)1/2[hik hjl − hil hkj]ψ + φeijkl + ½  (−η)1/2 (pik ηjl − pil ηjk + ηik pjl − ηil pjk),    (84) 
 
with 
 
            (P)χ(1)ijkl = ½  (−h)1/2[hik hjl − hil hkj]ψ,                                                 (85a) 
             (A)χ(1)ijkl = φeijkl,                                                                                (85b) 
             (SkII)χ(1)ijkl = ½  (−η)1/2 (pik ηjl − pil ηjk + ηik pjl − ηil pjk).                      (85c) 
 
It is ready to derive the following theorem: 
 
Theorem: For linear electrodynamics with skewonful constitutive relation (26) with (Sk)B 
= 0 satisfied for all directions, the following three statements are equivalent to first order 
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in the field: 
(i) А(1) = А(2) and (P)B = 0 for all directions, i.e. nonbirefringence in electromagnetic wave 
propagation, 
(ii) (58a-j) hold, 
(iii) χijkl can be expressed as (84) with (85a-c). 
 
The proof is similar to that for theorem in subsection 3.3 [62]; readers could readily 
figure it out. 
When the principal part (P)χijkl of the constitutive tensor is induced by metric hij and 
dilaton, i.e. 
 
 (P)χijkl = (−h)1/2[(1/2)hik hjl − (1/2)hil hkj]ψ,                            (86) 
 
it is easy to check by substitution that  
 
                                                         A(1) = A(2) and (P)B(1) = 0.                                        (87) 
 
А(1) = А(2)  = (P)B = 0. We have ξ = − 4((Sk)B)2. There the 3 cases discussed after equation 
(49) reduce to two cases: 
 
(a) ξ = 0, (Sk)B = 0: There are no birefringence and no dissipation/amplification in wave 
propagation; 
(b) ξ < 0, (Sk)B ≠ 0: There is no birefringence, but there are both dissipative and 
amplifying modes in wave propagation. 
 
Now the issue is: When the skewon part of the constitutive tensor is nonzero, what 
can we say about the spacetime structure empirically? 
If ξ is less than zero, i.e. (А(1) − А(2))2 + 4((P)B)2 < 4((Sk)B)2, the dispersion relation 
(47) is 
  
                                  ω = k [1 + ½  (А(1) + А(2)) ± ½  (– ξ)1/2i] + O(2).                             (88) 
 
The exponential factor in the wave solution (36) is of the form 
 
exp(ikz – iωt) ~ exp[ikz – ik (1 + 1/2 (А(1) + А(2))) t] exp(±½ (– ξ)1/2kt).         (89) 
 
There are both dissipative and amplifying wave propagation modes. In the small ξ limit, 
the amplification/attenuation factor exp(±½ (–ξ)1/2kt) equals [1 ± ½ (–ξ)1/2kt] to a very 
good approximation. Since this factor depends on the wave number/frequency, it will 
distort the source spectrum in propagation. 
The spectrum of the cosmic microwave background (CMB) is well understood to be 
Planck blackbody spectrum. It is measured to agree with the ideal Planck spectrum at 
temperature 2.7255 ± 0.0006 K [81]. The measured shape of the CMB spectra does not 
deviate from Planck spectrum within its experimental accuracy. The agreement for the 
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overall shape with a fit to Planck plus a linear factor [1 ± ½ (–ξ)1/2kt] is to agree with 
Planck to better than 10-4. Planck Surveyor has nine bands of detection from 30 to 857 
GHz [86]. For weak propagation deviation, the amplitude of the wave is increased or 
decreased linearly as ½ (–ξ)1/2kt depending on frequency. For cosmic propagation, the 
CMB amplitude change due to redshift (or blue shift) is universal. The frequency (wave 
number) change is proportional to (1 + z(t)) with z(t) the redshift factor at time t of 
propagation. We need to replace kt in the [1± ½ (–ξ)1/2kt] factor by the integral 
 
∫ k(t) dt = ∫ k(t0) (1+ z(t)) dt ≡ (1+ <z(t)>) k(t0) (t0 – t1),                       (90) 
 
with <z(t)> the average of z(t) during propagation defined by the last equality of (90), t0 
the present time (the age of our universe), and t1 the time at the photon decoupling epoch. 
According to Planck 2013 results [85], the age of our universe t0 is 13.8 Gyr, the 
decoupling time t1 is 0.00038 Gyr, hence (t0 – t1) is ~13.8 Gyr, and z(t1) is 1090. Using 
Planck ΛCDM concordance model, the factor (1+ <z(t)>) is estimated to be about 3 and 
the value (1+ <z(t)>) (t0 – t1) is more than 40 Gyr. The factor (1+ <z(t)>) multiply by 
(t0 – t1) is the angular diameter distance DA at which we are observing the CMB and is 
equal to the comoving size of the sound horizon at the time of last-scattering, rs(z(t1)), 
divided by the observed angular size θ = rs/DA from seven acoustic peaks in the CMB 
anisotropy spectrum. From Planck results, rs = 144.75 ± 0.66 Mpc and θ = (1.04148 ± 
0.00066) × 10–2. Hence, we have DA = rs/θ = 13898 ± 64 Mpc = 45.328 ± 0.21 Gyr. 
This is consistent with our integral estimation. 
For the highest frequency band ω is 2π × 857 GHz. The amplification/dissipation in 
fraction is 
 
                                  ½ (– ξ)1/2k × 45.328 Gyr = 3.8 × 1030 (– ξ)1/2.                               (91) 
 
For the lowest frequency band ω is 2π × 30 GHz; the effect is about ±3.5 % of (91). 
From CMB observations that the spectrum is less than 10-4 deviation, we have  
 
(– ξ)1/2 < 2.6 × 10–35.                                                 (92) 
 
When the spacetime constitutive tensor is constructed from metric, dilaton and axion 
plus skewon, the principal part (P)χijkl of the constitutive tensor is given by (86), there are 
two cases, (a) (Sk)B =0 and (b) (Sk)B ≠ 0 as mentioned after Eq. (87). For case (a) ξ = 0, 
there are no birefringence and no dissipation/amplification in wave propagation; by the 
Theorem in this subsection, the skewon part must be of Type II. For case (b) ξ < 0, (Sk)B ≠ 
0, there are both dissipative and amplifying modes in wave propagation and we can 
apply the (92) from the CMB observations to constrain the skewon part of the 
constitutive tensor as follows 
 
½ (– ξ)1/2 = |(Sk)B| = ½ |(B(1) – B(2))| = |(Sk)χ(1)1020 + (Sk)χ(1)1323 – (Sk)χ(1)1023 – (Sk)χ(1)1320| < 1.3×10–35, (93) 
 
for propagation in the z-direction. Since the CMB observation is omnidirectional, we 
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have the above constraint for many directions. From a few superpositions, we obtain the 
Lemma in this subsection, hence the constraints (54a-l) hold to ~ a few × 20–35 and the 
spacetime skewon field is Type II with type I skewon field constrained to ~ a few × 20–35 
cosmologically in the first order. Thus, the significant skewon field must be of Type II 
with six degrees of freedom in the first order. 
Constraints on the skewon field in the second order [17] 
For metric principal part plus skewon part, we have shown that the Type I skewon part is 
constrained to < a few × 10−35 in the weak field/weak EEP violation limit. Type II 
skewon part is not constrained in the first order. In the second order Obukhov and Hehl 
have shown in Sec.IV.A.1 of [86] that it induces birefringence; since the 
nonbirefringence observations are precise to 10−38 as listed in Table I, they constrain the 
Type II skewon part to  10−19 [17, 86]. However, an additional nonmetric induced 
second-order contribution to the principal part constitutive tensor compensates the Type 
II skewon birefringence and makes it nonbirefringent [17]. This second-order 
contribution is just the extra piece to the (symmetric) core-metric principal constitutive 
tensor induced by the antisymmetric part of the asymmetric metric tensor qij [17]. Table 
3 lists various 1st-order and 2nd-order effects in wave propagation on media with the 
core-metric based constitutive tensors [17]. In the following subsection, we review the 
spacetime/medium with constitutive tensor induced from asymmetric metric. 
 
Table 3. Various 1st-order and 2nd-order effects in wave propagation on media with the core-metric based 
constitutive tensors. (P)χ(c) is the extra contribution due to antisymmetric part of asymmetric metric to the core-
metric principal part for canceling the skewon contribution to birefringence/amplification-dissipation [17].  
Constitutive tensor 
Birefringence (in the 
geometric optics 
approximation) 
Dissipation/ 
amplification 
Spectro-
scopic 
distortion 
Cosmic 
polarization 
rotation 
Metric: ½  (−h)1/2[hik hjl − 
hil hkj] 
No No No No 
Metric + dilaton: 
½  (−h)1/2[hik hjl − hil hkj]ψ 
No (to all orders in 
the field) 
Yes (due to dilaton 
gradient) 
No No 
Metric + axion: 
½  (−h)1/2[hik hjl − hil hkj] + 
φeijkl 
No (to all orders in 
the field) 
No No 
Yes (due to 
axion gradient) 
Metric + dilaton + axion: 
½  (−h)1/2[hik hjl − hil hkj]ψ 
+ φeijkl 
No (to all orders in 
the field) 
Yes 
(due to dilaton 
gradient) 
No 
Yes (due to 
axion gradient) 
Metric + type I skewon No to first order Yes Yes No 
Metric + type II skewon 
No to first order; yes 
to 2nd order 
No to first order and 
to 2nd order 
No No 
Metric + (P)χ(c)+ type II 
skewon 
No to first order; no 
to 2nd order 
No to first order and 
to 2nd order 
No No 
Asymmetric metric 
induced:  
½ (−q)1/2(qikqjl − qilqjk) 
No (to all orders in 
the field) 
No No 
Yes (due to 
axion gradient) 
 
3.7. Constitutive tensor from asymmetric metric and Fresnel equation 
 
Eddington [87], Einstein & Straus [88], and Schrödinger [89, 90] considered asymmetric 
metric in their exploration of gravity theories. Just like we can build spacetime 
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constitutive tensor from the (symmetric) metric as in metric theories of gravity, we can 
also build it from the asymmetric metric. Let qij be the asymmetric metric as follows: 
 
χijkl = ½ (−q)1/2(qikqjl − qilqjk),                                          (94) 
 
with q = det−1((S)qij). When qij is symmetric, this definition reduces to that of the metric 
theories of gravity. The constitutive law (94) was also put forward by Lindell and Wallen 
[91] as Q-medium. Resolving the asymmetric metric into symmetric part (S)qij and 
antisymmetric part (A)qij: 
 
qij = (S)qij + (A)qij, with (S)qij ≡ ½ (qij + qji) and (A)qij ≡ ½ (qij – qji),              (95) 
 
we can decompose the constitutive tensor into the principal part (P)χijkl, the axion part 
(Ax)χijkl and skewon part (Sk)χijkl as follows [62,92]: 
 
χijkl = ½  (-q)1/2(qikqjl − qilqjk) = (P)χijkl + (Ax)χijkl + (Sk)χijkl,                     (96a) 
 
with  
 
(P)χijkl ≡ ½ (-q)1/2 ((S)qik (S)qjl − (S)qil (S)qjk + (A)qik (A)qjl − (A)qil (A)qjk − 2(A)q[ik (A)qjl]),  (96b) 
    (Ax)χijkl ≡ (-q)1/2 (A)q[ik (A)qjl],                                                                                    (96c) 
   (Sk)χijkl ≡ ½ (-q)1/2 ((A)qik (S)qjl − (A)qil (S)qjk + (S)qik (A)qjl − (S)qil (A)qjk).                      (96d) 
 
The axion part (Ax)χijkl only comes from the second order terms of (A)qil.  
Using (S)qij to raise and its inverse to lower the indices, we have as equation (16) in 
[62] 
 
                                          Sij = ¼  εijmk (A)qmk; (A)qmk = − εmkij Sij,                                      (97) 
                                   
where εijmk and εmkij are respectively the completely antisymmetric covariant and 
contravariant tensors with ε0123 = 1 and ε0123 = −1 in local inertial frame. Thus the skewon 
field Sij from asymmetric metric qik is antisymmetric and is of Type II.  
 
Dispersion relation in the geometrical optics limit. The dispersion relation for the wave 
covector qi of electromagnetic propagation with general constitutive tensor (26) in the 
geometric-optics limit is given by the generalized covariant Fresnel equation [6]: 
 
Gijkl(χ)qiqjqkql = 0,                                                 (98) 
 
where Gijkl(χ) (= G(ijkl)(χ)) is a completely symmetric fourth order Tamm-Rubilar (TR) 
tensor density of weight +1 defined by 
 
Gijkl(χ) ≡ (1/4!) emnpq erstu χmnr(iχj|ps|kχl)qtu.                              (99) 
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There are two ways to obtain the Tamm-Rubilar tensor density (99) for the dispersion 
relation (98). One way is by straightforward calculation; the other is by covariant method 
[92]. In the Appendix of Ref. [43], we outline the straightforward calculation to obtain 
the Tamm-Rubilar tensor density Gijkl(χ) for the asymmetric metric induced constitutive 
tensor: 
 
Gijkl(χ) = (1/8) (−q)3/2 det(qij) q(ijqkl) = (1/8) (−q)3/2 det(qij) (S)q(ij (S)qkl).           (100) 
 
Except for a scalar factor, (100) is the same as for metric-induced constitutive tensor 
with (S)qij replacing the metric gij or hij. Therefore in the geometric optical approximation, 
there is no birefringence and the unique light cone is given by the metric (S)qij. 
 
Constraints on asymmetric-metric induced constitutive tensor [17]. Although the 
asymmetric-metric induced constitutive tensor leads to a Fresnel equation which is 
nonbirefringent, it contains an axionic part:  
 
               (Ax)χijkl ≡ (−q)1/2 (A)q[ik (A)qjl] = φ eijkl; φ ≡ (1/4!) eijkl (−q)1/2 (A)q[ik (A)qjl],          (101) 
 
which induces polarization rotation in wave propagation. Constraints on CPR and its 
fluctuation limit the axionic part and therefore also constrain the asymmetric metric. The 
variation of φ (≡ (1/4!) eijkl (−q)1/2 (A)q[ik (A)qjl]) is limited by observations [82-84,60,61] 
on the cosmic polarization rotation to < 0.02 and its fluctuation to < 0.03 since the last 
scattering surface, and in turn constrains the antisymmetric metric of the spacetime for 
this degree of freedom. The antisymmetric metric has 6 degrees of freedom. Further 
study of the remaining 5 degrees of freedom experimentally to find either evidence or 
more constraints would be desired. 
Theoretically, there are two issues: one is whether the asymmetric-metric induced 
constitutive tensors with additional axion piece are the most general nonbirefringent 
media in the lowest geometric optics limit; the other is what they play in the spacetime 
structure and in the cosmos. 
 
3.8. Empirical foundation of the closure relation for skewonless case [17,62] 
 
There are two equivalent definitions of constitutive tensor which are useful in various 
discussions (see, e. g., Hehl and Obukhov [6]). The first one is to take a dual on the first 
2 indices of χijkl: 
 
κijkl  (1/2)eijmn χmnkl,                                              (102) 
 
where eijmn is the completely antisymmetric tensor density of weight −1 with e0123 = 1. 
Since eijmn is a tensor density of weight −1 and χmnkl a tensor density of weight +1, κijkl is 
a (twisted) tensor. From (102), we have 
 
χmnkl = (1/2)eijmnκijkl.                                               (103) 
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With this definition of constitutive tensor κijkl, the constitutive relation (12) becomes 
 
*Hij = κijkl Fkl,                                                    (104) 
  
where *Hij is the dual of Hij, i.e. 
 
*Hij  (1/2) eijmn Hmn.                                            (105) 
 
The second equivalent definition of the constitutive tensor is to use a 6 ×  6 matrix 
representation κIJ. Since κijkl is nonzero only when the antisymmetric pairs of indices (ij) 
and (kl) have values (01), (02), (03), (23), (31), (12), these index pairs can be enumerated 
by capital letters I, J, … from 1 to 6 to obtain κIJ ( κijkl). With the relabeling, Fij FI, Hij 
 HI, eijmn  eIJ, eijmn  eIJ. We have FI = (E, −B) and (*H)I = (−H, D). eIJ and eIJ can 
be expressed in matrix form as 
 
                                                                             0   I3 
eIJ = eIJ =                   ,                                            (106) 
                                                                             I3   0 
 
where I3 is the 3 × 3 unit matrix. In terms of this definition, the constitutive relation (104) 
becomes 
 
*HI = 2 κIJ FJ,                                                    (107) 
 
where *HI  *Hij = eIJ HJ. The axion part (Ax)χijkl (= φ eijkl) now corresponds to 
 
                                                                             I3    0 
(Ax)κIJ = φ                = φ I6,                                   (108) 
                                                                             0    I3 
 
where I6 is the 6 × 6 unit matrix. The principal part and the axion part of the constitutive 
tensor all satisfy the following equation (the skewonless condition): 
 
eKJκJI = eIJ κJK.                                           (109) 
 
In terms of κijkl and re-indexed κIJ, the constitutive tensor (60) is represented in the 
following forms: 
 
κijkl = (1/2) eijmn χmnkl = (1/2) eijmn (−h)1/2 hmk hnl ψ + φ δijkl,              (110) 
κIJ = (1/2) eijmn (−h)1/2 hmk hnl ψ + φ δIJ,                                            (111) 
 
where δijkl is a generalized Kronecker delta defined as 
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δijkl = δik δjl – δil δjk.                                             (112) 
 
In the derivation, we have used the formula 
 
eijmn emnkl = 2 δijkl.                                               (113) 
  
Let us calculate κijklκklpq for the constitutive tensor (110): 
 
κijkl κklpq = [(1/2) eijmn (−h)1/2 hmk hnl ψ + φ δijkl] [(1/2) eklrs (−h)1/2 hrp hsq ψ + φ δklpq] 
=  (1/2) δijpqψ2 + 2 δijpqφ2 + 2 eijrs (−h)1/2 hrp hsq φ ψ 
=  (1/2) δijpqψ2 + 4 φ (P)κijpq  2 δijpq φ2,                                                  (114) 
 
where we have used (113) and the following relations 
 
eklrs hmk hnl hrp hsq = emnpq det(huv),                              (115) 
det(huv) = [det(huv)]−1 = h−1,                                   (116) 
δijkl δklpq = 2 δijpq.                                            (117) 
 
In terms of the six-dimensional index I, equation (114) becomes 
 
κIJ κJK = (1/2)κijkl κklpq =  (1/4)ψ 2δIK + 2(P)κIK φ  δijpq φ2 =  (1/4)ψ2 δIK + 2(P)κIK φ  δIK φ2.  (118) 
 
Thus the matrix multiplication of κIJ with itself is a linear combination of itself and the 
identity matrix, and generates a closed algebra of linear dimension 2. The algebraic 
relation (118) is a closure relation that generalizes the following closure relation in 
electrodynamics: 
 
κ κ = (κIJ κJK) = (1/6) tr(κ κ) I6.                                    (119) 
 
The matrix multiplication of κIJ satisfies the closure relation (119). In case φ = 0, the 
axion part (Ax)κIJ of the constitutive tensor vanishes and (118) reduces to the closure 
relation (119). 
        From the nonbirefringence condition (60), we derive the closure relation (118) in a 
number of algebraic steps which consist of order 100 individual operations of 
addition/subtraction or multiplication. Equation (60) is empirically verified to 10−38. 
Therefore equation (118) is empirically verified to 10−37 (precision 10−38 times 1001/2). 
Hence, when there are no axion and no dilaton, the closure relation (119) is empirically 
verified to 10−37. For dilaton is constrained to 8 × 10−4, if one allow for dilaton, relation 
(119) is verified to 8 × 10−4 since the last scattering surface of CMB; for axion is 
constrained to 10−2, if one allow for axion in addition, relation (119) is verified to 10−2 
since the last scattering surface of CMB. As pointed out by Favaro (private 
communication), the above method could also readily applied to the other 3 variants of 
closure relations (equations (3.2), (3.3), (3.4) in [92]). 
The closure relation (119) can also be called idempotent condition for it states that 
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the multiplication of κ by itself goes back essentially to itself. Toupin [93], Schonberg 
[94], and Jadczyk [95] in their theoretical approach started from this condition to obtain 
metric induced constitutive tensor with a dilaton degree of freedom. In this section, we 
have started with Galileo equivalence principle for photons, i.e. the nonbirefringence 
condition, to obtain the metric induced core metric form with a dilaton degree of freedom 
and an axion degree of freedom for the constitutive tensor and then the generalized 
closure relation (118). We have also shown that (118) is verified empirically to very high 
precision. Thus in the axionless (and skewonless) case, the birefringence condition and 
idempotent condition are equivalent and both are verified to empirically to high precision. 
 
4. From Galileo equivalence principle to Einstein equivalence principle (EEP)  
 
In section 3, we have used equivalence principles in the photon sector to constrain the 
gravitational coupling to electromagnetism and the structure of spacetime from premetric 
electrodynamics. In this section, we review and discuss theoretically to what extent 
Galileo equivalence principle leads to Einstein equivalence principle, i.e. Schiff’s 
conjecture. 
In 1970s, we used Galileo Equivalence Principle and derived its consequences for 
an electromagnetic system with Lagrangian density L (= LI(EM) + LI(EM-P) + LI(P)) where 
the electromagnetic field Lagrangian LI(EM) and the field-current interaction Lagrangian 
LI(EM-P) are given by (17a,b), and the particle Lagangian LI(P) is given by − ΣI mI (dsI)/(dt) 
δ(x−xI) with mI the mass of the Ith particle, sI its 4-line element from the metric gij, xI its 
position 3-vector, x the coordinate 3-vector, and t the time coordinate [20, 21]: 
 
L = LI(EM) + LI(EM-P) + LI(P) = − (1/(16π))χijkl Fij Fkl − Ak Jk − ΣI mI (dsI)/(dt) δ(x−xI),    (120) 
 
Jk = ΣI eI (dxI)k/(dt) δ(x−xI).                                             (120a) 
 
Here eI is the charge of the Ith particle. In (120), only the part of χijkl which is symmetric 
under the interchange of index pairs ij and kl contributes to the Lagrangian, i.e. the 
constitutive tensor is effectively skewonless. This framework is termed χ-g framework. 
The result of imposing Galileo Equivalence Principle is that the constitutive tensor 
density χijkl can be constrained and expressed in metric form with additional pseudoscalar 
(axion) field φ:  
 
χijkl = (−g)1/2[(1/2)gik gjl − (1/2)gil gkj] + φeijkl,                        (121) 
                                             
where gij is the metric of the geodesic motions of  particles, gij is the inverse of gij, g = 
det (gij), and eijkl is the completely anti-symmetric tensor density with e0123 = 1 as defined 
in section 3. Hence the metric gij generates the light cone for electromagnetic wave 
propagation also. The constraint (121) dictates the gravity coupling to electromagnetic 
field to be metric plus one additional axionic freedom. With this one axionic freedom the 
EEP is violated, and therefore the Schiff’s conjecture is invalid. However, the spirit of 
Schiff’s conjecture is useful and constrains the gravity coupling effectively. Since the 
38 
 
theory with constitutive tensor does not obey EEP, it is a nonmetric theory.  
The theory with φ  0 is a pseudoscalar theory with important astrophysical and 
cosmological consequences. Its effect on electromagnetic wave propagation is that the 
polarization rotation of linearly polarized light is proportional to the difference of the 
(pseudo)scalar field at the two end points. We have discussed this in detail in section 3.4 
and use CPR observations to constrain it. This is an example that investigations in 
fundamental physical laws lead to implications in cosmology. Investigations of CP 
problems in high energy physics leads to a theory with a similar piece of Lagrangian 
with φ the axion field for QCD [96-103]. 
In the nonmetric theory with χijkl (φ  0) given by Eq. (121) [20, 21, 40, 53], there 
are anomalous torques on electromagnetic-energy-polarized bodies so that different test 
bodies will change their rotation state differently, like magnets in magnetic fields. Since 
the motion of a macroscopic test body is determined not only by its trajectory but also by 
its rotation state, the motion of polarized test bodies will not be the same. We, therefore, 
have proposed the following stronger weak equivalence principle (WEP II) to be tested 
by experiments, which states that in a gravitational field, both the translational and 
rotational motion of a test body with a given initial motion state is independent of its 
internal structure and composition (universality of free-fall motion) (Section 2.2) [20, 21]. 
To put in another way, the behavior of motion including rotation is that in a local inertial 
frame for test-bodies.  If WEP II is violated, then EEP is violated. Therefore from above, 
in the χ-g framework, the imposition of WEP II guarantees that EEP is valid. These are 
the reasons for us to propose WEP II. The χ-g framework has been extended to 
nonabelian gauge fields for studying the interrelations of equivalence principles with 
similar conclusions [104]. 
From the empirical side, WEP I for unpolarized bodies is verified to very high 
precision. However, these experiments only constrain 2 degrees of freedom of χ’s for 
connecting with gravity coupling of matter. To constrain and connect more degrees of 
freedom of χ’s to gravity coupling of matter, we propose to perform WEP experiments 
on various polarized test-bodies in 1970s – both electromagnetic polarized and spin 
polarized test bodies. These polarized experiments are also crucial to probe the role of 
spin and polarization in gravity. Now with the spacetime constitutive tensor density 
constrained to the core metric form (60) to ultra-precision 1038, the polarized WEP 
experiments will test the gravity-matter interaction more than gravity-radiation 
interaction. In Sec. 7, we will update our review [61] on the search for the long 
range/intermediate range spin-spin, spin-monopole and spin-cosmic interactions. 
 
5. EEP and Universal Metrology 
 
EEP states that all the local physics is the same everywhere at any time in our cosmos. 
Therefore if we base our metrology everywhere at anytime on local physics with a 
universal procedure, we have a universal metrology (see, e,g. Ni [105], Petley [106]). For 
metrology, we need unit standards. At present all basic standards except for the prototype 
mass standard are based on physical laws, their fundamental constants and the 
microscopic properties of matter. The Einstein Equivalence Principle (EEP) says, in 
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essence, local physics is the same everywhere. Therefore, to the precision of its empirical 
tests, EEP warrants the universality of these standards and their implementations. 
The name Système International d’Unités (International System of Units), with the 
abbreviation SI, was adopted by the 11th Conférence Générale des Poids et Mesures in 
1960. After 1983 redefinition of meter as the length of path traveled by light in a vacuum 
during a time interval of 1/299792458 of a second, all definition of SI units can be traced 
to the definition of second and kilogram. The second is defined as the duration of 9 192 
631 770 periods of the radiation corresponding to the transition between the two 
hyperfine levels of the ground state of the cesium-133 atom. The kilogram is the unit of 
mass; it is equal to the mass of the international prototype of the kilogram [a cylinder of 
platinum-iridium] (IPK). IPK is the only physical artefact in the definition of SI 7 base 
units (second, meter, kilogram, ampere, kelvin, mole and candela for 7 base quantities 
time, length, mass, electric current, thermodynamic temperature, amount of substance 
and luminous intensity respectively). Although the uncertainty of the mass of IPK is zero 
by convention, there are evidence that the mass of IPK varies with a fraction of the order 
of 108 after storage or cleaning with the estimated relative instability m/m ≈ 5 × 10−8 
over the past 100 years [107]. When the mass unit is redefined by natural invariants, the 
SI system will be free of artefacts. In order to ensure continuity of mass metrology, it has 
been agreed that the relative uncertainty of any new realization must be less than 2  108 
(See, e.g. Becker [108]). Sanchez et al. [109] in National Research Council of Canada 
determined the Planck’s constant h using the watt balance to be 6.62607034(12)  1034 J 
s within 2  108 relative uncertainty. NIST has reached 5  108 relative uncertainty and 
is building a new watt balance to reach 2  108 relative uncertainty [110]. The silicon 
sphere experiment of counting atoms to determine the Avogadro constant reached 3  
108 relative uncertainty (See, e.g., Becker [108]). In 2014, the Avogadro constant NA and 
derived Planck constant h based on the absolute silicon molar mass measurements with 
their standard uncertainties are 6.02214076(19)  1023 mol1 and 6.62607017(21)  1034 
J s [111]. The three measurements of NIST [111], PTB [112], and NMIJ [113] agree 
within their stated uncertainties and also agree with the NRC watt balance measurement 
with 1 . These experimental progresses set the stage for a new definition of kilogram 
using Planck constant/Avogadro number. Time is becoming mature to replace all the 
definitions of units using natural invariants. 
In 2018, the 5 SI base quantities -- time, length, mass, electric current, and 
thermodynamic temperature -- will be replaced by frequency, velocity, action, electric 
charge, and heat capacity, pending upon the expected final resolution of the 26th 
Conférence Générale des Poinds et Mesures (CGPM) (See, e.g., [110]). The two defining 
constants for frequency and velocity will be the same as the present SI defining constants 
of time and length. The defining constants for action, electric charge, heat capacity, and 
amount of substance will be the Planck constant h, the elementary charge e, the 
Boltzmann constant k and the Avogadro constant NA respectively. The mass unit can be 
traced to action unit defined by the Planck constant using watt balance or to amount of 
substance defined by the Avagadro constant based on counting the atoms in a 28Si crystal. 
In 2018, both methods should reach an uncertainty smaller than 2  108 to guarantee 
consistency and continuity. The relative uncertainty of NAh at present is 7  1010 
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(CODATA 2010 adjustment [114]) to guarantee consistency at the 2  108 level.  
With the new definition of units based on physical invariants of nature, the 
applicability becomes wider; as long as the physical laws which the units are based are 
valid, the standards and metrology are universal. In section 3, we have seen that the 
unique light cone is experimental verified to 1038 via γ-ray observations at cosmological 
distance; it verifies the Galileo equivalence principle for photons/electromagnetic wave 
packets to this accuracy. This constrains the spacetime (vacuum) constitutive tensor to 
core metric form with additional dilaton and axion degrees of freedom. In the solar 
system the varational of the dilaton field is constrained to 1010 U; in the cosmos, the 
dilaton field is constrained to 8  104 (Table 1). The universal metrology system is truly 
universal with the present accuracies. In case the accuracies are pushed further, we either 
verify equivalences principles further or discover new physics. Thus we see that 
universal metrology and equivalence principles go hand-in hand. 
Equivalence principles play very important roles both in the Newtonian theory of 
gravity and relativistic theories of gravity. The ranges of validity of these equivalence 
principles or their possible violations give clues and/or constraints to the microscopic 
origins of gravity. They will be even more important when the precisions of the tests 
become higher. To pursue further tests of EEP, we have to look into precise experiments 
and observations in our laboratory, in the solar system, and in diverse astrophysical and 
cosmological situations. All of these depend on the progress in the field of precision 
measurement, and demands more precise standards. The constancy of constants is 
implied by equivalence principles. Their variations give new physics. 
The frequency measurement has the best relative uncertainty at present. The optical 
clocks are reaching relative uncertainties at the 1018 level [115]. When the comparison 
of optical clocks becomes common, it is anticipated that the frequency stardards will go 
optical. Further improvement in the frequency measurements will have profound impact 
on precision measurement and gravity experiment. In the realm of gravitational wave 
detection, the influence will be to enhance the Doppler tracking method and the PTA 
method [116]. An array of clocks may even become an alternate method for detecting 
low frequency gravitational waves. 
6. Gyrogravitational Ratio 
Gyrogravitational effect is defined to be the response of an angular momentum in a 
gravitomagnetic field produced by a gravitating source having a nonzero angular 
momentum. Ciufolini and E. C. Pavlis [117] have measured and verified this effect with 
10-30 % accuracy for the dragging of the orbit plane (orbit angular momentum) of a 
satellite (LAGEOS) around a rotating planet (Earth) predicted for general relativity by 
Lense and Thirring [118]. Gravity Probe B [119] has measured and verified the dragging 
of spin angular momentum of a rotating quartz ball predicted by Schiff [120] for general 
relativity with 19 % accuracy. GP-B experiment has also verified the Second Weak 
Equivalence Principle (WEP II) for macroscopic rotating bodies to ultra-precision [121]. 
On 13 February 2012 the Italian Space Agency (ASI) launched the LARES (LAser 
RElativity Satellite) satellite with a Vega rocket for improving the measurement of 
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Lense-Thirring effect together with other geodesy satellites [122]. On Earth, GINGER 
(Gyroscopes IN General Relativity) is a multi-ring-laser array project aimed to measure 
the Lense-Thirring effect to 1 % [123].  
Just as in electromagnetism, we can define gyrogravitational factor as the 
gravitomagnetic moment (response) divided by angular momentum for gravitational 
interaction. We use macroscopic (spin) angular momentum in GR as standard, its 
gyrogravitational ratio is 1 by definition. In Ref. [124], we use coordinate 
transformations among reference frames to study and to understand the Lense-Thirring 
effect of a Dirac particle. For a Dirac particle, the wave-function transformation operator 
from an inertial frame to a moving accelerated frame is obtained. According to 
equivalence principle, this gives the gravitational coupling to a Dirac particle. From this, 
the Dirac wave function is solved and its change of polarization gives the 
gyrogravitational ratio 1 from the first-order gravitational effects. In a series of papers on 
spin-gravity interactions and equivalence principle, Obukhov, Silenko and Teryaev [125] 
have calculated directly the response of the spin of a Dirac particle in gravitomagnetic 
field and showed that it is the same as the response of a macroscopic spin angular 
momentum in general relativity (See, also, Tseng [126]). Randono have showed that the 
active frame-dragging of a polarized Dirac particle is the same as that of a macroscopic 
body with equal angular momentum [127]. All these results are consistent with EEP and 
the principle of action-equal-to-reaction. However, these findings do not preclude that 
the gyrogravitational ratio to be different from 1 in various different theories of gravity, 
notably torsion theories and Poincaré gauge theories. 
What would be the gyrogravitational ratios of actual elementary particles? If they 
differ from one, they will definitely reveal some inner gravitational structures of 
elementary particles, just as different gyromagnetic ratios reveal inner electromagnetic 
structures of elementary particles. These findings would then give clues to the 
microscopic origin of gravity. 
Promising methods to measure particle gyrogravitational ratio include [61]: (i) using 
spin-polarized bodies (e.g. polarized solid He3, Dy-Fe, Ho-Fe, or other compounds) 
instead of rotating gyros in a GP-B type experiment to measure the gyrogravitational 
ratio of various substances; (ii) atom interferometry; (iii) nuclear spin gyroscopy; (iv) 
superfluid He3 gyrometry. Notably, there have been great developments in atom 
interferometry [128,129] and nuclear gyroscopy [130]. However, to measure particle 
gyrogravitational ratios the precision is still short by several orders and more 
developments are required.  
7. An Update of Search for Long Range/Intermediate Range Spin-Spin, Spin-
Monopole and Spin-Cosmos Interactions 
In this section, we update our review [61,131] on the search for the long 
range/intermediate range spin-spin, spin-monopole and spin-cosmic interactions. 
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Spin-spin experiments 
Geomagnetic field induces electron polarization within the Earth. Hunter et al. [132] 
estimated that there are on the order of 1042 polarized electrons in the Earth compared to 
1025 polarized electrons in a typical laboratory. For spin-spin interaction, from their 
results there is an improvement in constraining the coupling strength of the intermediate 
vector boson in the range greater than about 1 km [132]. 
Spin-monopole Experiments 
In [61], we have used axion-like interaction Hamiltonian  
 
Hint = [ћ(gsgp)/8πmc] (1/λr + 1/r2)exp(r/λ) σ  r

,                      (122) 
 
to discuss the experimental constraints on the dimensionless coupling gsgp/ћc between 
polarized (electron) and unpolarized (nucleon) particles. In (24), λ is the range of the 
interaction, gs and gp are the coupling constants of vertices at the polarized and 
unpolarized particles, m is the mass of the polarized particle and σ is Pauli matrix 3-
vector. Hoedl et al. [133] have pushed the constraint to shorter range by about one order 
of magnitude since our last review [61]. In this update, we see also good progress in the 
measurement of spin-monopole coupling between polarized neutrons and unpolarized 
nucleons [134-136]. Tullney et al. [136] obtained the best limit on this coupling for force 
ranges between 3  10−4 m and 0.1 m. Regards to a recent analysis of a direct spin-axion 
momentum interaction and its empirical constraints, please see Stadnik and Glambaum 
[137]. 
Spin-cosmos experiments 
For the analysis of spin-cosmos experiments for elementary particles, one usually uses 
the following Hamiltonian: 
 
                                      Hcosmic = C1σ1 + C2σ2 + C3σ3,                                           (25) 
 
in the cosmic frame of reference for spin half particle with C’s constants and σ’s the Pauli 
spin matrices (see, e.g. [138] or [61]). The best constraint now is on bound neutron from 
a free-spin-precession 3He-129Xe comagnetometer experiment performed by 
Allmendinger et al. [130]. The experiment measured the free precession of nuclear spin 
polarized 3He and 129Xe atoms in a homogeneous magnetic guiding field of about 400 nT. 
As the laboratory rotates with respect to distant stars, Allmendinger et al. looked for a 
sidereal modulation of the Larmor frequencies of the collocated spin samples due to (25) 
and obtained an upper limit of 8.4  1034 GeV (68% C.L.) on the equatorial component 
Cn for neutron. This constraint is more stringent by 3.7  104 fold than the limit on that 
for electron [139]. Using a 3He-K co-magnetometer, Brown et al. [140] constrained Cp 
for the proton to be less than 6  1032 GeV. Recently Stadnika and Flambaum [141] 
analyzed the nuclear spin contents of 3He and 129Xe together with a re-analysis of the 
data of Ref. [130] to give the following improved limit on Cp: Cp < 7.6 x 10−33 GeV. 
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8.  Prospects 
After the cosmological electoweak (vacuum) phase transition around 100 ps from the Big 
Bang, high energy photons came out. At this time it is difficult to do measurement, 
although things may still evolve according to precise physical law – notably quantum 
electrodynamics and classical electrodynamics. When our Universe cooled down, 
precision metrology became possible. Metrological standards could be defined and 
implemented according to the fundamental physical laws. The cosmic propagation 
according to Galileo’s Weak Equivalence Principle for photons (nonbirefringence) in the 
framework of premetric classical electrodynamics of continuous media dictates that the 
spacetime constitutive tensor must be of core metric form with an axion (pseudoscalar) 
degree of freedom and a dilaton (scalar) degree of freedom. Propagation of pulsar pulses, 
radio galaxy signals and cosmological gamma ray bursts has verified this conclusion 
empirically down to 10−38, i.e. to 10−4 × O([MHiggs/MPlanck]2). This is also the order that 
the generalized closure relations of electrodynamics are verified empirically. The axion 
and dilaton degrees of freedom are further constrained empirically in the present phase of 
the cosmos (Table 1). However, we should give a different thought to the axion and 
dilaton degrees of freedom in exploring spacetime and gravitation in the very early 
universe within 100 ps from the ‘Big Bang’; we may need to look for imprints of new 
physics and new principles.  
On the other hand, experiments with spin are important in verifying Galileo 
Equivalence Principle and Einstein Equivalence Principle which are important 
cornerstones of spacetime structure and gravitation. It is not surprising that cosmological 
observations on polarization phenomena become the ultimate test ground of the 
equivalence principles, especially for the photon sector. Some of the dispersion relation 
tests are reaching second order in the ratio of Higgs boson mass and Planck mass. Ultra-
precise laboratory experiments are reaching ground in advancing constraints on various 
(semi-)long-range spin interactions. Sooner or later, experimental efforts will reach the 
precision of measuring the gyrogravitational ratios of elementary particles. All these 
developments may facilitate ways to explore the origins of gravity.   
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